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Abstract

In the present work, the Chern—Simons (CS) gauge field theory developed by Jackiw and
Pi [8] and widely used to interpret the fractional quantum Hall effects, is applied to describe a
two-dimensional (2D) electron—hole (e—h) system in a strong perpendicular magnetic field and
under the influence of quantum point vortices creating the CS gauge field. Composite particles
formed by electrons and holes with equal integer positive numbers ¢ of attached quantum point

vortices are described by dressed field operators, which obey the Fermi or Bose statistics
depending on even or odd numbers ¢ . It is shown that the phase operators, as well as the vector

and scalar potentials of the CS gauge field, depend on the difference between the electron and
hole density operators. They vanish in the mean field approximation, when the average values of
electron and hole densities coincide. Nevertheless, even in this case, the quantum fluctuations of
the CS gauge field lead to new physics of the 2D e—h system.

Keywords: Chern-Simons gauge field, quantum point vortices, electron—hole system,
two-dimensional (2D), strong magnetic field.

Rezumat

In lucrarea de fata, teoria cAmpului de etalonare de tip Chern—Simons (CS), dezvoltata de
Jackiw si Pi [8] si pe larg utilizata pentru a explica efectele cuantice fractionale de tip Hall, a fost
aplicata pentru a descrie sistemul bidimensional (2D) compus din electroni si goluri (e—h) supuse
unui cdmp magnetic perpendicular puternic si sub influenta vartejurilor punctiforme cuantice care
creeaza campul de etalonare de tip CS. Particulele compozite formate din electroni si din goluri
cu numere pozitive intregi egale ¢ de vartejuri punctiforme cuantice atasate sunt descrise de
operatorii de cdmp modificati, care se supun statisticilor Fermi sau Bose in dependenta de
numerele pare sau impare ¢ ale vartejurilor atasate. Operatorii, care descriu faza, precum si
potentialele vectoriale si scalare ale cAmpului de etalonare de tip CS depind de diferenta dintre
operatorii de densitate ale electronilor si golurilor. Ele se anihileaza in aproximarea campului
mediu atunci cand valorile medii ale densitatilor electronilor si golurilor coincid. Totusi, chiar si
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in acest caz, fluctuatiile cuantice ale campului de etalonare de tip CS aduc la noi fenomene fizice
n sistemul 2D e-h.

Cuvinte cheie: camp de etalonare Chern-Simons, vartejuri punctiforme cuantice, sistem
din electroni si goluri bidimensionali (2D), cdmp magnetic puternic.

1. Introduction

The Chern-Simons (CS) theory [1] is a quantum gauge theory using which some
problems can be viewed from a different point of view providing better understanding. The most
prominent of these problems are the change in the statistics of charged particles coupled to the
CS field and the occurrence of a transverse conductivity, which directly makes the theory useful
for describing the Hall effect. There is a deep analogy between CS gauge theories and quantum
mechanical Landau levels of charge particles (electrons) in a magnetic field which have led to the
understanding of the fractional quantum Hall effect [2-4] and simple understanding of the origin
of massive gauge excitations in CS theories. It is worth mentioning that CS theories have
important applications in the quantum field theory; the CS gauge theory can arise as a string
theory, CS gravity theory, etc. The statistical transmutation leads to the physics of “anyons” [4],
which are particles with generalized statistics neither fermionic nor bosonic that occur as
excitations upon the ground state wave function (Laughlin wave function) of a quantum Hall
system.

The CS Lagrangian for the (2+1)-dimensional space-time is L g = —]/2 Ka”Vpauavap,

where €"'P is a U(1) gauge field and « is a constant. The CS Lagrangian is invariant for the
gauge transformation a, >a + aux , which IS seen from

e“VpauaVap — g““pauavap + a““péuxavap. The last term here can be written as total derivative

ds = J.d3xa”v”6“(x6vap), which means that it vanishes if there is no boundary, or we can
neglect the boundary effect. The equation of motion for the a  fields is Ks“Vpavap = 0; for the

field strength tensor f =0 a_,—0_a ,wehave f =0. This is a trivial result, which is of no
uv [T vou uv

interest from the point of view of physics until the a, CS field is coupled to a J* source, which

is the conserved current of another real physical field.
Using a simple example, we recall the gauge theory notation for a planar system of
electrons. The usual Lagrangian of the Maxwell gauge theory is

1
L == R =AY 1)

where A :(AO,A) is the gauge field, F_ =6 A —0_A is the field antisymmetric tensor, J*
il by Tpt v v
is the conserved current, 6HJ“ = 0. Lagrangian (1) is invariant under the Au - AILL +8“A

gauge transformation and, accordingly, the Euler—Lagrange equations of motion a“F”V =J" are
gauge invariant. The new situation is for 2+1 dimensions. In this case, the CS theory is a
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completely different type of gauge theory. It satisfies our usual criteria for a sensible gauge
theory: it is Lorentz invariant, gauge invariant, and local. The CS Lagrangian is defined as
follows:

K
Los =5 8 PALA, — A )
A gauge transformation changes the CS Lagrangian by a total space-time derivative:
K
oL g = > au(ngPaVAp). 3)

Therefore, if we can neglect boundary terms, then the respective CS action S.g = J. d3xL cs 18

gauge invariant. Another important feature of CS Lagrangian (2) is that it is of the first order in
space—time derivatives and, in 2+1 dimensions, the Lagrangian is quadratic in the gauge field. The
Euler-Lagrange equations for CS Lagrangian are

KeWPE — g or F _eo» (4)
5 vp w = Buvp

If we introduce a matter current J* = (p,J) and consider CS equations (4) coupled to matter
fields, then the components of equation (4) are

p=xB, J =K8ijEj. ®)
The first equation (5) suggests that the charge density is locally proportional to the magnetic
field, which means that the effect of a CS field is to relate magnetic flux to electric charge. Using
the time derivative of the first equation in (5) p = kB = KeijaiAj and the current conservation

equation p + aiJi =0, we obtain
= KSijAj + sijﬁjx, (6)
which is the second equation in (5), transverse piece y, that can be identified with kA, .

In this way, the effect of the CS coupling can be considered as a magnetic flux attached to
the charge density in such a way that it everywhere follows the matter charge density. A feature
of the CS theory is a magnetic flux attached to the charged particle fields together with the
statistics transmutation. This feature is responsible for the appearance of CS fields in the
composite boson or composite fermion models for the fractional quantum Hall effect, which
involve quasiparticles that have magnetic fluxes attached to charged particles [5, 6].

Consider coupling of the Maxwell and CS Lagrangians, both of them producing gauge
theories in 2+1 dimensions:

1 K
- p Ko
L vics = 107 F“VF + 5 € AuavAp. @)
The respective field equations
2
wv , K€ vop
0,F" + 5 ¢ Fup =0, (8)
describe the propagation of a single degree of freedom with mass
2
mMCS =Ke". (9)
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Here, « is dimensionless and e2 has mass dimension. If we write the equation of motion (8) in

terms of the pseudovector “dual” field F* = g"*P va , then we obtain
[aua“ i (Kez)z} BV —o0. (10)

The origin of mass ke’ is clearly seen from equation (10).
To better understand the importance of the CS theory, we consider the quantum

mechanical analogy following [7]. In the gauge, A, =0, the spatial components of gauge field

A are conjugated to electric field E, which satisfied equation V-E =p, for which the

“nondynamical” field A is a Lagrange multiplier. We consider the structure of the Maxwell-CS

theory Lagrangian:
1 2 1 2 K jj

L =—E -—B"+—¢'AA. +kAB. 11

MCS 262 i 262 2 (M 0 (11)

The “nondynamical” field A, is a Lagrange multiplier that can be regarded as a Lagrange
multiplier in the Gauss law constraint:
i0 2_ij

o;F" +xe sjﬁiAj =0. (12)

This is the v =0 component of the Euler-Lagrange equations (8). In the A, =0 gauge, we

identify A, as “coordinate” fields with respective ‘momentum’ fields:

m=o - LA KA (13)
oA, ¢? 2
Using the Legendre transformation, we write down the Hamiltonian
i A _
Hyes =1TA; -L =
(14)

2
2 - .
E i —Xgia | 4L B24A (BIT +B).
2 27 1] g2 o

If we consider the long wavelength limit of the Maxwell-CS Lagrangian, in which we can drop
all spatial derivatives, then the resulting Lagrangian will be as follows:

L= %Af + gs”AiAj. (15)
2e

This is exactly the Lagrangian for a nonrelativistic charged particle moving in the plane in the
presence of a uniform external magnetic field B perpendicular to the plane:

1.

_1ls2, b
L_2xi +28 XX (16)
For momentum, we have
i =$:mx.+Eaijx., a7
OX; 2

10
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and the Hamiltonian is
_ . _ 1 b ij 2 m »
H_pixi_L_%(pi_Eg XJ) —Eui. (18)
The quantum commutation relations [x;, pj]= iSij imply that the velocities do not commute, i.e.
[v;, vj] = —isijb/m2 . This shows the quantum mechanical analogy to the classic Landau problem

of electrons moving in the plane in the presence of an external uniform magnetic field
perpendicular to the plane. In the latter case, fields A;(Xt) and IT'(%,t) in Hamiltonian (14)

satisfy  classical  equal-time  Poisson  brackets: [Ai(x),l‘[j(y)}=i8ij§(>‘<—y) and

[Ei(x), Ej(y)] — ie3(% - V).

There is a useful quantum mechanical analogy to the Landau problem of electrons moving
in the plane with an external uniform magnetic field perpendicular to the plane; it is of special
interest in quantum Hall systems.

It is now necessary to introduce density operators for the CS gauge field in a two-
component electron-hole (e-h) system. We use the classical and quantum nonrelativistic CS
theory for a two-dimensional N-body system of point particles, which was developed by Jackiw
and Pi [8], to describe a 2D e-h system in a strong perpendicular magnetic field under the

influence of quantum point vortices creating the CS gauge field. Phase operator é)(F) of the CS
field was introduced as a coherent summation of angles 49(?—?’) formed with the in-plane x-
axis by reference vectors (f—F’), which determine positions r' of the particles creating the

gauge field at point 7. It was pointed in [8] that angles G(F—F’) are ill determined because

arctangent is a multivalued function. However, this deficiency was compensated by the fact that
the summation of the angles was weighted in [8] by density operators ,(’}(F’) of the charged
particles as follows:
@(F)=—ﬁjdf’9(F—F’)/§(F’); Q(F—F’)=arctan(y_—y//} (19)
a X—X

Here, ¢ is an integer, positive number and ¢ is the fine structure constant o. = €°/ sic =1/ 137,
The integer value of ¢ is another factor, which makes the dressed field operators to be well

defined. Since we are interested in the generalization of the CS theory from a one-component
electron gas to a two—component e—h system, we repeat the main statements of the CS theory in a
new version by introducing a supplementary label i =e,h denoting electrons and holes from the

very beginning. Partial field operators ;(r) and ¥} (r) lead to partial phase operators & (F)

and to partial vector potential operators éi (F) taking into account the electrical charges of the
electrons (-e) and the holes (+e).
The bare field operators will be denoted as ¥? (F) and ¥{*(F) with supplementary label

zero, whereas the dressed field operator P, (F) and ¥; (F) will be written without it. Note that,
while the bare and dressed field operators are different, their density operators 4, (F) and 5} (F)

11
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coincide:
A1) =0 (1), (F) =" (1) ¥ (F) = 22(F) (20)
Below, we will show that this property is a consequence of the unitary transformation
G*(r)d(r)=1 and it concerns any operators, which are analytical functions of the density
operators as follows: f (5, (F))=f(5}(T)).
For example, partial phase operators @ (F’) and partial vector potential operators éi (F)
show this property:

A (r)=E(0). @

and, as was pointed in [8], the 9(?— F’) function is ill determined. The differences added in (21)

give rise to the resultant phase [9, 10] and vector potential operators [11] created by the integer
e—h system [12].

Phase operators @, (F) and &(F) are singular values because they are expressed in terms
of a multivalued function, such as arctangent, and therefore as follows:

VA g(r_r’):_ﬁrxln‘f—f"; Vx0(r-7')=Vin(r-7'),

AO(T—T')=0, A In|F—F'|=275"(F-7");
where
Ix=6C 5. 560450 S0 0. TBITEX LT
oy 7 ox ox oy r o6 or r r
VxV =€" oV, _ﬁvy —QVX =S,
OX oy

(?><S)I = 9;S; e?=—e?=1 "=%?=0

va(r)=0,

T a(v = S ¢e 2 I = =l A=l

\Y% =b(F)=V.x—=|dr'V. xIn|r - )=

xd(r)=b(r) rxaj PV, xIn|r /| p(7')

p (22)

_Pe 2 el Al — 0, P8 4
_ajd F'A, In|r =7/ p(7') 27~ p(F),

6(?):27;%,6&): 2ﬂ%(ﬁe(r)_@h (7).

It was pointed out in [8] that, in the 2D space, the curl of the vector is a scalar, whereas the curl
of the scalar is a vector. These properties are shows by formulas (22), in particular, the Green
function of the Laplacian in the 2D space is (InF)/2z. Other important data provided by

12
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formulas (22) is the effective magnetic field B(F) expressed by 6x§(r). It was shown in [8]

that this magnetic field is created by quantum point vortices. In the case of a one-component
electron gas, this supplementary magnetic field can compensate the external magnetic field. It
will be shown below that, in the case of a two-component e-h system, this effective magnetic
field has a special interesting property. It seems to vanish in the mean-field approximation when

the average values of the density operators coincide (5, (F))=(p, (F)); however, its quantum
fluctuations lead to unexpected physics of the 2D e—h system in a strong external magnetic field.
Jackiw and Pi [8] gave a special attention to calculations involving the ill determined angle
function 0(?’ - F”). They emphasized that, in the nonrelativistic quantum mechanics, the particles

are points and density operator ,b(F) is localized at these points being a superposition of the ¢

functions. This fact plays a critical role in calculations involving the CS gauge field. For
example, it permits interchanging the integration and the differentiation in the definition of the

CS vector potential é(f). Otherwise, it would be impossible to move the gradient with respect to

F out of the integral on variable '. In the general case, operators (21) are singular, because the

0(?—?’) angle is a multivalued function and the integration over the 2D ' plane requires

specifying the cut in T’ beginning in ¥ . However, the presence of density operator ,[)(F”) in the

integral with &-function eigenvalues leads to an exceptional situation, when r -gradient can be
moved with impunity outside the integral. Since the derivative of the H(F— F’) function at point

=0.

r=r

F' is ill defined, the authors of [8] proposed its regularization: V, = (7 —F')

F

To confirm the affirmation concerning the eigenvalues of the density operators, it is
necessary to use the commutation relations between the field operators and the density operator:

¥ (F) =8 (=) 8 (F); [0 (). () == (F=F) 90 ('),
[A(7).5;(F)]=0. [A(7).a(r")]=0, [a(r').a(r)]=0. (23)

The proper functions of density operators p. ( ) can be introduced as follows:

(7)) =1 (F)[0), (%, (F)|= o], (7). (24)

where |0> is the ground state of the system. The action of the density operator on the “i’i (f" )>

function gives rise to the result

A, (7)) = (7). (7)1 (7)]0) =
=8 (r=r )91 (7 )[0) =% (r =) |, (1)),

It confirms that the eigenvalues of densny operators p. (F) have the form of 5-functions and that

these operators play a decisive role in combating the deficiencies associated with the presence of
the (7 —r') angle function. The integer, positive values of numbers ¢ in the definitions of

(25)

operators (21) contribute also to the removal of the incertitude associated with the

13
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multivaluedness of the 6(F —F') angles.

The paper is organized as follows. Section 2 describes the unitary transformation
operators that introduce the CS field into a two-component e—h system. In Section 3, we derive
the Hamiltonian and the equations of motion for dressed field operators. The new properties of
2D magnetoexcitons under the influence of the CS gauge field are revealed in Section 4.
Conclusions are given in Section 5.

2. Unitary Transformation Introducing the CS Gauge Field in a
Two-Component Electron—-Hole System

In a two-component e-h system, the electrons and the holes equally contribute to the
creation of a unique and common CS gauge field, each of them acting with a proper electric

charge. The resultant phase operator a)( ) and its gradient are algebraic sums of the partial
electron and hole contributions

o(F)=a,(r)-a,(F) =~ [a'ro(r ') p(r') =" (1),

=ée<r>—éh<r)=—%f a°r'9,0(r—r') p(r')=a"(r), 29)

These expressions are true in the bare and dressed representations, no matter to which statistics—
Fermi or Bose—aobey the field operators. Unlike a one-component two-dimensional electron gas
(2DEG), in this case, there are two subsystems with different electric charges. As a consequence,
the resultant phase and vector potential operators compensate each other, so as to obtain a zero-
gauge field in the mean-field approximation. It opens up the possibility of neglecting the effects
arising due to the influence of the CS gauge field in the zero-order approximation and taking
them into account in the next orders of the perturbation theory. In the case of a two-component e—
h system, the unitary transformation introducing the CS gauge field looks as follows:

r

a(r)y=e=""; @ (r)=e=""; 4" (r)a(r)=1. 27)
The bare electron and hole field operators will be denoted as ‘P! (F) and ¥ (F) with the
supplementary zero label. They obey the Fermi statistics with the Fermi commutation relations

(28)

The dressed electron and hole field operators creating the CS gauge field are written without the
zero label and they are introduced in the form

14
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: )

( F

pi(F)=p (1), A (F)=p0(F), [ Ai(F). 2, (7')]=0, (29)
) .

Due to the equality p5(F)=p°(F), the phase and vector potential operators determined by
formulas (26) are the same in the bare and in the dressed representations:

), p(r)=p"(T). (30)

This also concerns other operators expressed as analytic functions depending on density operator
p(T). Despite the fact that bare electron and hole field operators ¥?(F) and PP () obey
Fermi commutation relations (28), dressed field operators P, (F) and \P; (F) satisfy the Fermi or

Bose statistics depending on the even or odd integer, positive numbers ¢ introduced into the
definitions of operators (26). To prove this statement, it is necessary to derive first the
commutation relations between field operators ¥, (F) and N (F) with density operators p, (F)

and the commutation relations between the field operators and unitary transformations operators
u (F) and u”(F). The first of them are as follows:

[0 A7) =8 (r=r) b (F); [ 90 (7) A7) =07 (F=r )0 (7). @)

They are the same as those in the case of the Fermi or Bose statistics. Thereupon, the following
commutation relations can be obtained:

\ife(r)cb”(r’)::d)(r’)—@e(r’—r)_ ¥, (1),

- ' (32)

In this case, the commutation relations of field operators ‘i’i (f) with unitary transformation
operators exp(xied(r')/(hc)) will be

15
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@, (1)) =2(%) %\i!e(r)cb“ (F')=
= i(%) i{&)(r’)—%e(r’ —r)}n ¥, (F)=

e (r)ere ) 2 e en s (), (33)

To prove the main statement concerning the statistics of the dressed field operators, we will start
with the first equation (28) and transcribe it from the bare to dressed operators as follows:

(34)

With account of the last two relations, equation (34) can be transcribed in the form

gi#(0)g (=) [‘i’e (F)¥; (F’ ) +e i (F’ )‘i’e (F)] x
xu (F)u*(F')=0%(r-1").
It is equivalent to the commutation relation

(35)

A

W, (1) (7)) +e W (7)) 9, (F) =6 (F-T),
1,¢:O,2,4...,F} (36)

o-ivn =cos¢7r—isin(¢ﬂ):{_1 5=135.B

The most important result of these calculation is the affirmation that CS gauge field operators
¥;(F) and P, (F) with i =e, h obey the Fermi statistics in the case of the even integer, positive

pair numbers ¢ and the Bose statistics in the case of odd integer positive numbers ¢. It is an
important result of the CS gauge field theory developed by Jackiw and Pi in [8].

16
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3. Hamiltonian and Equations of Motion Describing the Dressed Operators of the CS
Gauge Field

To obtain a Hamiltonian describing the interaction of the composite particles expressed in
terms of dressed field operators ‘i’f(r) and P, (F) and deduce their equations of motion, we

will start with the respective expressions for bare field operators ¥ (F) and WP?(F). The

Hamiltonian describing bare 2D electrons and holes in an external perpendicular magnetic field
and interacting by the Coulomb forces obtained in [13] looks as follows:

40 _ 120, 150
H" =K +HCOU,,

2
jd P (v (i?’+hic,&(r’)J @ (') +

(37)

Hgou, jdz AP N (F/ =77 ) B2 (F) 2 (7" ) P2 (') +

+%Jd2r/jd2r//VcOul (f/ —f”)‘i’ﬂ+(F/)/3£(f”)
(

—[ 7 [ dP P N (F/ =" ) W2 (7)) o0 (7 ) W2 (7).

Here, A(f" ) is the vector potential created by an external magnetic field perpendicular to the
layer. In the Landau gauge description, it has the form of A(F)=(-B-y,0,0), where B is the

magnetic field strength. The vector potential obeys the following condition: ﬁ(r):o. The
Coulomb interaction potential in a 2D system can be represented as

.| S
" Ve V(Q)= —, W(Q)=V(Qle 2 ; I2="=. 38
Veas (F) = 2V ()EOS‘Q‘()() = (38)
Here, S is the layer surface area, ¢, is the effective dielectric constant, and |, is the magnetic

length. Coefficient W (Q) along with coefficient V (Q) was introduced into (38); it will be used

below.
Bare density operators /Bio(f’) were introduced by formula (20). Schrodinger equations

for bare operators P2 (F) and P} (F) were derived in [13], and we just recall them:

17
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dYO(F) oo,y no7 B[ .= Yoo,

in dt(r):[\ye(r), ]zzme(—|v+hicA(r)j Yo (F)+

+jo|2r’vCoul (F=r")p°(F)¥2(r),

CAPN(T) ooy o] (e € x Yoo,

S [ B9 A(r) | H1(0)-

[d?T Vo (F=F) 5°(F') 7 (7), )
d\AP(eH r Do+ (=) g0 hz By, A7 i 0+ (&

[ dt(r)_[ . (F),H }: 2me(|V+h%A(r)j Yo (F)-

P (7)=2(7)

Time derivatives d (o’ ()) / dt and the continuity equations were derived using equations of motion

dt
3o (r)= 2:18i ( o+(r)V\iJO(r)—v@g+(F)\P§(r))+ meec A(T)p2(T)
B2(F) = (B (1) 95 (1)~ V2 (F) A7) -~ A(F) A (F). (40)

The equations of motion for dressed field operators \i’r (F) and ‘i’i (f) can be obtained taking
into account equation (39) and time derivatives of unitary transformation operators U(F¥)=0°(F)
and 0" (F) =" (F) which coincide in the bare and dressed representations as well as operators

5 (T)=p7(F), & (F)=a’(T). Therefore, one of them can be used in calculations without

supplementary specifications.
Following the procedure used in [13], we obtain two equations:

ind¥,(r) . d ind o

)i (a0 () 2(r) =0 (1) ()40 (1) S0 #2,(7),
P _in 8 (a(r) w2 () =in L a(r) F () a () 20 3 () 1)

To obtain time derivatives of unitary transformation operators exp(+iea(f)/(#c)), we take into
account that operators d@(F)/dt and @&(F) do not commute. This was pointed out by Jackiw

18
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and Pi in [8] and demonstrated in [13] as follows:

[%@,@(r)} =—iﬁ(r)=(%}2jd2r’jd2r”9(r—ﬂ)x
xe(r—r//)[dﬁd(tf’),[,(r“)][%)2jdzr’jdzr”e(r—r’)e(r—r”)x

[0 e
Vo(r=r)o(r ) 3.().4. () [+ [3(7). ()|

where we used expressions (40), which lead to the form

.\ Ao o~ Ao o~
L(7) =5 M. (F)+ 5=, (7).
h

e

(42)

|\7|i(r):(%)Zjdzr’jdzr”ﬁ’e(r—r’)a(r—r”)x (43)
x{[\iff”(r’)@’\if?(r’),,a?(r”)] |V () (r ),af(r”)]}; i=e h.

The commutation relations that were substituted into formulas (43) were calculated in [13] and
look as follows:

[\PO* (F )V (F),

(44)

— 2 _
The A'6(F-1')=0 and ( ’G(F—f’)) :‘F—F/‘z properties help to effectuate the next
calculations, which lead to the

@
x
©
S
o)
wn
12
o
S
w

=i (45)

To derive time derivatives of the unitary transformation operators, we will use the following formula:
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d ii—e,\ ) © . \N d o
e ”Ca)(r):Z(wLEj L9 0(r), (46)

o\ hC

The first steps are the following results:

>
N
—~
=l
~
Il
N
>
—~~
=l
~

S
w
—~~
=l
~
Il
w
S
N
—_
=
~
o
—_
=l
~
|
W,
| )
—
=
~
D
—~~
=
~
Il
w

Z|e 2| Z|a

oH
5
o —~
=l
Il
>
SR
=l
£
—~
=l
~

(47)

d
(48)
X (me2) 211

X =—.—,

(m+2)! 2 m!
We can now calculate the commutation relation between time derivative dc?)(f’)/dt and unitary
transformation operators exp(+ie@(F)/(xc)) :
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do(F) =fon | &( ieY 1|do(F) .,
{T,e }—Z[i%) ’H{ A ,a)(r)}. (49)

n=0

To clarify this issue, we recall the basic equalities

{m,@(r)} =-iL(F), {da};t(r) ,c?)(F)} =-2iL(F)a(T).

dt

They lead to the recurrent formula

d"’d—ir),@n(r)}:_inﬁ(r)@“(r), (50)
which solves the problem:
_dc?)(?) i;—ed)(f) ( ie)A %5
, C = +—|L hc . 51
e e e 2

Next, to derive the equations of motion for dressed field operators P, (F) and ¥/ (T), we
consider equations

m%@e(r)—m%(a*(r) i S(F))=|hda;t(r)\i’;’(f)+0*(r)ihdli}jt(r),

(52)

{dé)(f)’é)(r)}:_iﬁ(r)’ (53)
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mMZW(r)Fm_i[ }:

c dt 2hc? ()

{smn - ﬁ(r)}r(r), (54

Below, we will use formulas describing the action of operator (—i?) on unitary transformation

operators exp(xiea(r)/(hc)) :

(—i?)e% ' :J_rh%é(f)ef'c (F), a(r)=Vao(r),
L N S (LI VAt
: ( .thA(r)] \Pe(r)_( .V+hCA(r)+hCa(r)] @, (F),
e%ec“( |V—%A(F)J2‘i’ﬁ(F)z(—w_iA(F)— é(r)}z\ilh(r). (55)

The time derivatives of the dressed field operators can be expressed in terms of derivatives of
their components:
A da“(r
in @ (7)=in (M) g
dt dt

o (56)
ihi\iﬂ‘(r)=ihd (")
dt

_gd‘?’(f)\ilh(m ©L(F) b, (F)= [0V (F=7') 5(F ), (7). 7

Unlike equations of motion (39) for bare field operators ‘Pf’(f) equations (57) contain new
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operators, such as &(F), @(F)/dt, and Vé(F)= a(r), which characterize the CS gauge field.
Similar to the case of a one-component 2DEG, in a two-component 2D e—h system, the quantum
point vortices also give rise to vector potential é(f’) and scalar potential d&/(cdt), which appear
supplementary to vector potential A(F) of the external magnetic field. However, as noted above,

they depend on the difference of the density operators p(F)=p,(F)—p,(F) due to different signs
of the electrical charges of electrons and holes.

In the case under discussion, vector potential é(f’) cannot compensate vector potential
A(F) created by an external magnetic field. Chern—-Simons vector potential a(r) vanishes in the

mean-field approximation, if the average densities (p,) and (p,) coincide. Nevertheless,

numbers ¢ of the quantum point vortices attached to each electron and each hole can be different

from zero; in the zero-order approximation, the composite particles will be subjected only to an
external magnetic field. In the zero-order approximation, they undergo the Landau quantization
under the influence of an external magnetic field and will undergo perturbations in the next
orders of the perturbation theory. In addition to the equations of motion (57) characterizing the
time evolution of dressed field operators, we need a Hamiltonian describing a 2D e—h system in
the presence of the CS gauge field. It can be easily obtained by substituting bare field operators

PO (7) and () into Hamiltonian (37) by the dressed field operators

GO ()= W2 (F)0(F), a(F)=e"", g (F)=e 7", (58)

For example, the first two terms of Hamiltonian (37) are transformed as follows:

2
:—jd Fe(r ( i?’+%ﬁ(f)} o () +

: f@g+(r/)(_iv/_%z\mf@g(r/):
(¢ =9+ £ A1) &= (1)

hc
o (7)) (—iﬁ/ - A(F ))Z e =i ()=
" e "
2
=—Id ()9 S A ) 0 () 59

¥ ()9 - ZA()- ()| (1) =K
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where we use relationships (55):
e%(b(ﬂ) (—iﬁ/ +
) e 2 e e 2(e1)) eredl”)
erc iV - ZA(F) | =] iV - A(F)-—a(F) | e
(92 A() | (9 - A(r)- 2 A(r)

(60)

Hamiltonian HZ,, of the Coulomb interaction of bare electrons and holes can be transcribed in
the dressed field operator representation, taking into account that

. . (61)
Hgoul - HCouI
The Hamiltonian of the e-h system in the presence of the CS gauge field looks as
2
A =R+Hg, =2 [d ’)(—N’+%Z\(W)+%é(ﬂ)} @ (') +
2
- )( |V’—EA(F’)—%5(F’)j @, (F)+
+= Idz 2P Ny (F/ =" )02 (F) o, (7). (F) +
i J’dz /J’dz //VcOm =l ”)‘i’;(F/) h(r//)\i,h(r/)_ (62)

jd */jdzr”vCOu, —r WL (r1) g, (7). (7).

Hamiltonian (62) is much more complicated than its bare counterpart (37), because it contains a
nonlinear form of vector potential operator é(r’ ) created by the CS gauge field. To obtain

equations of motion for dressed field operators, we start with the Schrodinger equations for
electrons and holes

=[¥,(r).H] i=en (63)

In this case, it is necessary to calculate commutation relations of the field operators with operator

é(r)
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| | (64)

- (—iv’ AP )+ —a(r)+ 70 (7 - r))z i (F), (65)

:(—iﬁ’ —hi,&(r’)—%é(r’)mﬁ’e(r’ —r)jz ¥ (7).

C
It should be borne in mind that dressed field operators P, (F) and P} (F) obey the Fermi or
Bose statistics with commutation relations

~

)W (F)£ ¥ (7)Y, (T)=5,0°(F-T"), (F)

P (F)P(F) 2P (7)Y, (F)=0, (B)

]

=l

¥,
( (66)

=l
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and all the formulas obtained above are valid in both cases. For example, to derive the next
commutation relations, we have to use both formulas (65) and (66) as follows:

K

2 n? 25/ 'be(r/) T
+¢ Z_TTIE'[d F_F/‘z \Pe(r)_

n’ 201wl =\ Gt () =/ =/ 2=\ 1\ (=&
o [at eV o(r )b )(_.v + S A(F)+ S (e )jqfe( ), (),
{\Ph(r),;;h jdzr/w;(r’)(—iv’—%A(r’)—;—cé(r’)f@h(w)}

72 ~ e e 2 )
:th [—IV —hch(r)—hfca(F)j Y, (F)+
+¢? L jdzr’ ﬁ“(FZ\iJh(r)— (67)
: |F 7|
- —hjdzr’v’e(r’—F)\P;(F’)(—i?’—%A(*’)—%é(r’)j\i’ (F') 0, ()

(W(r’—r))2 S Ao(r' -r)=0. (68)

Both integrals proportional to ¢ in equation (67) can be transformed introducing the dressed

current density operators for electrons J, () and holes J, () and the respective continuity
equations as follows:
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5,(F) = o (1 (1), () -9 (1), (7)) - (69)

Condition A’@(F’ — f) =0 is useful for a simple integral transformation:

—i[d* PO (r -1 )Wy (7)Y, (F) =

L[S0l ) (7 () () () (),

The obtained relations allow us to write the above-mentioned integrals in equations (67) as
follows:

n? 2= (v w\ Wt (7! o/ Al =\ |\ (¢/\ (7
¢Fjd FV'o(r -r)w(r )(—IV +%A(r )+%a(r )j‘Pe(r ), ()=

<V'3, (F) &, (7)= gh[ d*F'o(F ~7) pedgr) e(r)__%da}(;t(r)@e(r)
¢:Tzhfd2r’v’9(r’ _F)WE(F/>(_'V/_%A(*')‘%a(f )jqjh(F')‘Ph(f): (70)

Combining the results expressed by equations (67)—(70), we can formulate the main result of our
calculations:

27



Moldavian Journal of the Physical Sciences, Vol. 20, 1, 2021

NN & IS .= e~/ & 2/ ZA_.
{‘Pe(r),z—mefdzr’llfe(r’)(—lv’+%A(r’)+%a(r’)] ¥, (1)

R oo e e Ve o 2 e ()

- [_.v +%A(r)+%a(r)j B (1) g [0 e
. edaA)e(F) A

b 4 - b 4 :

(1) £ 920 )

() o fai ) v S A2 ()| 07 |-
" om, " he he "
hz =y e -, € 2/ .. 2 2 = 2 hz 2/ Ibh(r/)

SN /Py V] P (g 71
~ . edao. (). ,_

at, ()£ 20y, (r)

(72)

Formulas (71) and (72) constitute the basis for the main statements:
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[.(1).K = 2o (94 £ A(r )+ 24 )jztife(r )+

2m, hc hc

+¢2£(r)xije(r)+%d“;ir)nife(r),

N h? e a2V (o
[#,(1).K]- 2 (ivﬁ%A(r )~ a(r )j (7 )+ n
+¢2£(r)@h(r)—§d“;ir)xifh(r),

P _h_ 2! ,be(f/) +h_ 25! ﬁh(rl)

(N=2m] PRFTAST d o
a(F)=a,(7)- ‘h(r),@,(r)_—@jdzr’e(r ') p (F)

The obtained results confirm the earlier derived equations of motion (57) for dressed field
operators.

4. Influence of the CS Gauge Field on the Energy Level of a
Two-Dimensional Magnetoexciton

In the Landau gauge description, two-dimensional electrons and holes are described as
free particles moving along the in-plane x-axis and undergoing the Landau quantization along
the in-plane y-axis perpendicular to the x-axis. The free motion is represented by the plane wave
functions with unidimensional (1D) wave vectors p and g as quantum numbers, whereas the
Landau quantization takes place in the form of harmonic oscillations around the gyration points
situated on the y-axis at distances pl and —ql from the origin, where |, is the magnetic length.
The displacements of electrons and holes in the opposite parts of the y-axis are due to the
different signs of their electric charges. The single particle wave functions corresponding to the
lowest energy level of the Landau quantization are as follows:

2

L e™ y-ply

(1) =g -2 |
Lxlox/; 2l

- ( 2)2: (74)

_ gl y+alg

@, (F)=—exp| ———|.
(1) LIz 215

Here, we consider the 2D layer with a surface area of S=L,L . Wave functions (74)

belong to the lowest levels of Landau quantization with quantum numbers n, =n, =0; in this
paper, we do not consider the excited Landau quantization energy levels. This approach is known
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as the lowest Landau Levels (LLL) approximation and labels n, and n, at electron field operators

+
p?

obey the Fermi statistics. The energies of the electrons and holes are ha,; /2, with i =e,h, where

a,, a, and hole field operators b, b, will be dropped. Bare electron and hole field operators

hao,; are the cyclotron frequencies. The electron and hole field operators in the coordinate
representation in the LLL—approximation are as follows:

_ 2
¥, () :#Zeipx exp —M a

\”—xlo\/; p 2'5 3
- - (75)
) 1 - (y+aiz)
Y (F)=——=) e%exp| ———=|b,,
(1) Lxloﬁzq: 27 |
where we introduced the electron and hole density operators
2 2
(e (y-p) (y-a) | .
pe(l_")=\Pe(l’)lPe |_X|O\/—Ze P-a)x exp| — 2|02 — 2|02 aqap,
2
A . ) (y+ul) (y+v|§)
F)="Y;(F)¥,( (u=v)x - b.b,,
ph(r) h(r) h \/—ze eXp 2|02 2|§ v ~u (76)

A(T)=p.(F)= 5y (T).
Here, the density operator of the e-h system /3(?) was defined as the algebraic sum of the

electron and hole density operators. This algebraic sum determines the CS gauge field vector
potential operator é(F) as follows:

é(f)=—@jd2f’i0 r—r’)[y(r’),
e’ 2r _ J‘d ~/J‘d ~// r F)(F_r)

2m,c? ‘F F" ‘r F”‘ ,a(r’),a(r”),
G(F_r’):arctan[i:zjj; (77)
v e lie l

To determine the influence of the CS gauge field on the 2D magnetoexciton energy level, it is
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necessary to calculate the average value of Hamiltonian (62) using magnetoexciton wave
function “Pex (IZ)> which was obtained in [13]:

~ 1 ik, tI

v (k)=—=>e"%a", b, (78)
( ) N Z t+k?x —t+k—"

N = S >
27l

First, we will discuss the influence of the terms in Hamiltonian (62), which are proportional to
the square of CS vector potential a(F) in the form

Idz P en(Fa (1) Wen (7)- (79)

Zme hC

Their average value calculated with the magnetoexciton wave function with wave vector k =0 is
as follows:

A= (¥, (0)|5- (F)a* (7). (F)[ ¥ (0)) =

e

- - 1 -
_W'_Idz J-dz p12 '?22 exp{——(,oﬁpz |p1_:02|2)+
+E[,52X:51]}

1 i .
xeXp{—E[pf + P, = PP, COS (@, — 9, )]+5p2p18m ) —%)}-

e (80)

W_f A, dpi[; da], o cos(s—,)x

The Fourier series expansions of exponents exp(izsint) and exp(zcost) contain coefficients
expressed in terms of Bessel functions J, (z) and modified Bessel functions I, (z) [14]:

0

euit — 3 (2)+ 22[J2k (z)cos 2kt +iJ,,_, (z)sin(2k —l)t:l,
k:l (81)

e’ = Io(z)+ZZOO:Ik (z)coskt.

k=1

Substitution of them into the previous expression leads to its transformation
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N
A, = ¢2 2
ml, (47

jdpjdpz eXp{—%(pf+p§)}~]o(%p1'pzjx
xI ( P pzj mi__([ '([dpz eXp|:—%(,012+p22)i|\]2m(%,01',02j>< (82)

1 1
X|:|2m+1(zp1'pzj+ I2ml(§pl'p2)j|}'

In subsequent calculations, we will use integrals with two Bessel functions [14]:

(a+u+v)
R e b“c"(p) 2
!x e J, (bx)1, (cx)dx = 2L (e D) x

(83)
XZ—F
Their applications give rise to energy shift A, of the magnetoexciton energy level
LA { 1 Z
©omls (167° S 2k(k 1)
2 & (2m+k)!
ZZ 4m+k+2 X
32 Zm +1)

x——"———. F (—k,—(k+2m+1),2m+1,-1)+ (84)

(05+,u+v) c 2k b?
2_p o B —k,—(v+k),y+1,—c—2 .

v+k+1

XZFl( k,—(k+1),1 )+

k
+1ii (2m+k-1)! 1
2 2™ (2m+1) k!

x, Fy (—k,—(k+2m-1),2m+1,-1)}.

It is possible to estimate, along with terms (79) containing the square of the CS vector potential
512(”) the contribution of the mixed term proportional to the scalar product of two vector

potentials a( ) and A(F). Itis expressed by the average value
< ‘— A’ (r)ar (¢ )A(F )W, () ‘PEX(IZ)>:

7B e Y (Y=Y e - [
=_4ﬂ2mc¢;4N_Idzr/J'dzr// q(/ )exp[——
e”"0

- (85)

BTy = |

2
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The shift of the magnetoexciton energy level Al at point k =0 due this term can be calculated exactly:
heBg

Ly :
4m,c

e

(86)

In the case of electron effective mass m, equal to free electron mass M, at a magnetic field
strength of B =10 T and ¢ =1, the shift of the magnetoexciton energy level at point k =0 due to
the influence of the CS gauge field can be estimated as A. =1/4 meV .

5. Conclusions

The origin of the CS gauge field, as well as quantum point vortices, is associated with a
collective motion in the 2D system, where the main role is played by angles 9(? - f’) created by

reference vectors (f—F’ ) with a selected axis. The reference vectors describe positions of the

=/

particles at points ' with density operator [)(F’). The coherent summation of the angles

weighted with the density operator gives rise to phase operator c?)(f) whereas the gradients of
the angles and their weighted summation give rise to vector potential é(f) of the CS gauge field.

Unitary transformation operators exp(iiec?)(f)/(hc)) acting on bare electron and hole

field operators lead to the formation of dressed field operators representing composite particles
with number ¢ of attached quantum point vortices. Dressed field operators obey the Fermi or

Bose statistics depending on the parity of numbers ¢ of attached vortices. A Hamiltonian

describing the composite particles and their interactions through the Coulomb forces and under
the influence of the CS gauge field has been deduced; equations of motion for dressed field
operators have been derived. The influence of the CS gauge field on the energy levels of 2D
magnetoexcitons has been estimated.
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