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Abstract: In this work, we derive analytical relations for all projections of the orbital energy
flow and spin flow in the focal plane of a strongly focused left-hand circularly polarized
Gaussian beam, also calculating a torque exerted upon a dielectric ellipsoidal micropar-
ticle in the focus of the beam and discussing results of an experiment on rotating the
microparticle around its center of mass. The on-axis projection of the torque exerted upon
the microparticle is found to be negative, i.e., directed oppositely to the beam propagation
axis. Such a torque is supposed to induce a clockwise rotation of a non-absorbing dielectric
particle around its center of mass. We have been demonstrated that a reverse energy flow
occurs in the light field regions where the longitudinal projection of the spin flow is negative
and larger in magnitude than the longitudinal projection of the orbital energy flow, which is
always positive.

Index Terms: Poynting vector, spin flow, orbital energy flow.

1. Introduction
A number of works [1]–[6] have reported on the appearance of the orbital angular momentum in
the strong focus of a conventional circularly polarized Gaussian beam, which was then transferred
to a microparticle placed in the focal spot. This phenomenon is related to the spin-to-orbital light
momentum conversion. Being devoid of the orbital angular momentum, the original beam only has
an on-axis spin vector. Meanwhile, a transverse energy flow is observed in the strong focus, leading
to the non-zero longitudinal projection of the orbital angular momentum. Spin-orbit interaction in
sharp focus has already been studied in works [1]–[6], but there is no detailed description of
SAM and OAM within the Richards-Wolf formalism [7]. The Richards-Wolf theory (RWT) [7], which
describes the electromagnetic field near the sharp focus, was generalized for the case of a plane
interface near the focus [8]. RWT was also generalized for sharp focusing of cylindrical vector
beams [9]. In [10], only the longitudinal components of SAM and OAM were calculated using RWT
in the sharp focus of a light field with a topological charge and circular polarization. In [11], using
RWT, enhancement of the spin-orbit interaction near the focus was studied in the presence of two

Vol. 12, No. 5, October 2020 4501713

https://orcid.org/0000-0003-1737-0393
https://orcid.org/0000-0003-0211-7897
https://orcid.org/0000-0002-7008-8007
https://orcid.org/0000-0002-0488-4267
https://orcid.org/0000-0003-1297-4438


IEEE Photonics Journal Orbital Energy And Spin Flows

interfaces making a stratified medium. In [12], the spin Hall shift was considered for a Gaussian
beam in the sharp focus in the presence of a stratified medium, as in [11]. However, the above
papers [8]–[12] do not contain analytical expressions derived within the RWT for all components of
the orbital energy flow and of the spin flow, while analysis of such expressions allows determining
the energy backflow in the sharp focus. Meanwhile it appears possible to describe the energy and
spin flows in the vicinity of the strong focus using findings in Refs. [13]–[17], in which the Poynting
vector (the energy flow) is represented as a sum of the orbital energy and spin flows. The spin flow
is the curl of the spin vector and, therefore, does not transfer the energy. At the same time, the spin
flow and the proper spin vector are both measurable quantities [4], [18].

The most effective approach to the analysis of light fields near the sharp focus is given by the
Richards-Wolf theory [7]. It allows closed-form describing of all electromagnetic field components
near the focus of an arbitrary light field in the entrance of an aplanatic optical system. The larger
is the focal length compared to the wavelength, the more accurate is this method. This method
has been successfully applied for theoretical analysis in [1]–[6]. In other works [8]–[12], RWT
allowed obtaining other physical quantities in the sharp focus, like energy flow density and spin flow
density, orbital angular momentum, and spin angular momentum. Other approximate [19] and exact
[20]–[22] methods are also known for describing the electromagnetic field near the sharp focus.
Although these methods are exact, the solutions for the electric and magnetic fields components
are expressed either via infinite series [20], or via a finite number of bulky terms with special
functions [21], [22]. Theoretical analysis of exact solutions of Maxwell’s equations in the focus is
difficult. In addition, there is a very limited number of known exact solutions of Maxwell equations,
while RWT allows obtaining relatively simple closed expressions near the sharp focus for a wide
class of initial light fields, such as Gaussian and Bessel-Gaussian beams, light fields with an integer
topological charge, light fields with homogeneous (linear, circular, elliptic) and inhomogeneous
(azimuthal, radial) polarization. Therefore, we use RWT in this work.

Being characterized only by the on-axis spin vector, a circularly polarized plane wave is able
to set into rotation an absorbing spherical microparticle [23] and generate a magnetic field in
non-magnetic dispersive media (magnetization effect) [24]. In [25], levitation of low-loss fused
quartz spheres in vacuum was demonstrated. The rotation of dielectric microparticles along a
circular path in focused laser beams has been studied [11], [26]. In [12], rotation of an absorbing
asymmetric microparticle around its center of mass was observed, but the particle was located in
the side lobe of the diffraction pattern. Due to the SAM, light field can rotate any absorbing particle
and a birefringent particle, including a spherical one [23]. In contrast to [23], our work demonstrates
rotation around its center of mass of an asymmetric non-absorbing dielectric microparticle located
on the optical axis. Rotation of a weakly absorbing sphere around its axis in the focus of a circularly
polarized Gaussian beam was first theoretically shown in [27]. The decomposition of the Poynting
vector into the orbital and spin constituents makes it possible to come up with a mechanism behind
the generation of a reverse energy flow in the strong focus of laser light [28], [29]. For instance,
in Ref. [30], the reverse energy flow (the negative value of the on-axis projection of the Poynting
vector) was exclusively associated with the phase (vortex) singularity of the light field. But this is
not quite the case as an inverse on-axis energy flow has been shown to occur in the focus of a
non-vortex light beam [29]. Relying on the decomposition of the Poynting vector in two constituents
corresponding to the orbital energy and spin flows, we offer an interpretation of the reverse energy
flow, which has been known in optics for quite long (since 1919 [31], [7]) but has so far failed to
obtain the proper interpretation. Energy backflow is a rather universal optical phenomenon that
occurs not only in sharp focus, but also in some laser beams like, e.g., vector X-waves [32],
nonparaxial Airy beams [33] and fractional Bessel vortex beams [34]. Below, we prove that the
reverse energy flow occurs in the optical field regions where the on-axis projection of the spin flow
is negative and larger in magnitude than the always positive on-axis projection of the orbital energy
flow. The decomposition of the Poynting vector in two constituents [13]–[17] results in the angular
momentum also being decomposed into two terms: the orbital and the spin angular momentums
[35]. It was shown in [36] (equation (4) in [36]) that when a plane wave with left-hand or right-hand
circular polarization diffracts by a dielectric microsphere, the azimuthal SAM component and the
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longitudinal component of the Poynting vector in the scattered light are independent of the helicity.
However, the behavior of the orbital flow of energy and of the spin flow is not discussed in this work,
although it is their ratio that determines the presence of the energy backflow. As was shown in [17]
for evanescent waves, the transverse SAM components do not depend on the circular polarization
handedness, while the longitudinal SAM component and the transverse component of the spin
flow depend on the helicity (equations (8), (9) in [17]). However, comparison of the longitudinal
components of the orbital energy flow and of the spin flow (equations (8), (9) in [17]) reveals that in
this case there is no reverse energy flow, since |pO

z | > |pS
z |. In this paper, we show that in the sharp

focus of a light field with second-order cylindrical polarization |pO
z | < |pS

z | and pS
z < 0, that is, there

is reverse energy flow.
In this work, which continues the research reported in Ref. [6], we derive analytical relations

for all projections of the orbital and spin flows in the focal plane of a strongly focused left-hand
circularly polarized Gaussian beam, also calculating a torque exerted upon a dielectric ellipsoidal
microparticle in the focus of the beam and discussing results of an experiment on rotating the
microparticle around its center of mass.

2. Poynting Vector (Energy Flow)
A. Bekshaev et al. [13], [15], [16] have derived a remarkable result, showing that the Poynting vector
P (energy flow) can be represented as a sum of two constituents: the orbital energy flow Po and
the spin flow Ps [14]:

P = Re
2

(E∗ × H) = Po + Ps, (1)

Po = Im
2k

(E∗ � (∇E)) , Ps = 1
4k

(∇ × Im (E∗ × E)) , (2)

where E and H are the electric and magnetic vectors of an electromagnetic wave, Re and Im are the
real and imaginary parts of the number, × denotes vector multiplication, and k is the wavenumber
of light. Decomposition of the Poynting vector into two terms is obtained if the magnetic field vector
H from the Maxwell equations for monochromatic light is expressed via the curl of the electric
field vector E. Such a representation of the energy flow vector P (Eq. (1)) will help us to give an
interpretation of the reverse energy flow, occurring in the sharp focus under certain conditions, in
terms of the orbital energy flow Po and the spin flow Ps.

From (2), the spin flow Ps is seen to be the curl of the spin density vector (spin angular
momentum, SAM) S [17]:

S = Im
2

(E∗ × E) . (3)

With the divergence of the curl being zero, the spin flow Ps does not transfer energy but is
still a physically meaningful quantity that can be measured [4], [18]. In dipole approximation, the
scattering force Fsc acting upon a Rayleigh particle is proportional to the orbital energy flow Po

[13]–[15]:

F = Fg + Fsc = Re(α)
4

∇|E|2 + Im(α)
2

Im (E∗ � (∇E)) , (4)

where Fg is the gradient force and α is dipole polarizability of the particle. The SAM S generates a
scattering force exerted upon particles that are characterized by both electric, α, and magnetic, β,
dipole polarizabilities [15]:

Fsc = −k3Re(α∗β )
12

Im
(∇ × (

μ−1E∗ × E + ε−1H∗ × H
))

, (5)

where μ and ε are the permeability and permittivity of the particle. Also, note that the total energy
flow (i.e., the orbital energy and spin flows) generates a force acting upon a particle with electric
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current and specific conductivity σ [14]:

F = σRe
2

(E∗ × H) . (6)

Alongside mechanical forces due to the spin flow, dependent on the spin density vector S is the
moment of force M, acting upon an absorbing particle as (in the dipole approximation) [23]:

M = Im(α)Im (E∗ × E) . (7)

For completeness sake, it is worth noting that the SAM S in Eq. (3) creates magnetization
(generating a magnetic field due to a reverse Faraday effect) in a non-magnetic medium with
dispersive refractive index [24], [37].

3. Orbital Energy and Spin Flows in the Cartesian and Cylindrical
Coordinates
For later use and with a view of deriving equations in the strong focus, the orbital energy and
spin flows (2) need to be written in the Cartesian and cylindrical coordinates. To the best of our
knowledge, no such relations in the cylindrical coordinates have been reported in the literature so
far.

In the Cartesian system, projections of the orbital energy flow vector are given by

Po,x = Im
2k

(
E ∗

x
∂

∂x
Ex + E ∗

y
∂

∂x
Ey + E ∗

z
∂

∂x
Ez

)
,

Po,у = Im
2k

(
E ∗

x
∂

∂y
Ex + E ∗

y
∂

∂y
Ey + E ∗

z
∂

∂y
Ez

)
,

Po,z = Im
2k

(
E ∗

x
∂

∂z
Ex + E ∗

y
∂

∂z
Ey + E ∗

z
∂

∂z
Ez

)
. (8)

Similarly, projections of the spin flow are given by

Ps,x = 1
2k

(
∂

∂y
Im
(
E ∗

x Ey
)+ ∂

∂z
Im (E ∗

x Ez )
)

,

Ps,y = 1
2k

(
∂

∂z
Im
(

E ∗
y Ez

)
+ ∂

∂x
Im
(

E ∗
y Ex

))
,

Ps,z = 1
2k

(
∂

∂x
Im (E ∗

z Ex ) + ∂

∂y
Im
(
E ∗

z Ey
))

. (9)

For optical systems with cylindrical symmetry, which are used to obtain strongly focused light,
it would be more convenient to describe projections of the vectors of electric and magnetic fields
and derivatives thereof in the cylindrical coordinates. Below, projections of the vectors of the orbital
energy and spin flows, Eqs. (8) and (9), are given in the cylindrical coordinates:

Po,r = Im
2k

(
E ∗

r
∂

∂r
Er + E ∗

ϕ

∂

∂r
Eϕ + E ∗

z
∂

∂r
Ez

)
,

Po,ϕ = Im
2kr

(
E ∗

r
∂

∂ϕ
Er + E ∗

ϕ

∂

∂ϕ
Eϕ + E ∗

z
∂

∂ϕ
Ez − E ∗

r Eϕ + E ∗
ϕ Er

)
,

Po,z = Im
2k

(
E ∗

r
∂

∂z
Er + E ∗

ϕ

∂

∂z
Eϕ + E ∗

z
∂

∂z
Ez

)
. (10)

Ps,r = 1
2k

(
∂

r∂ϕ
Im
(
E ∗

r Eϕ

)+ ∂

∂z
Im (E ∗

r Ez )
)

,
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Ps,ϕ = 1
2k

(
∂

∂z
Im
(
E ∗

ϕ Ez
)+ ∂

∂r
Im
(
E ∗

ϕ Er
))

,

Ps,z = 1
2k

(
∂

∂r
Im (E ∗

z Er ) + ∂

r∂ϕ
Im
(
E ∗

z Eϕ

)+ Im (E ∗
z Er )

r

)
. (11)

4. Orbital Energy and Spin Flows in the Focus
We shall use Eqs. (10) and (11) to calculate the orbital energy and spin flows in the focal plane of
a strongly focused left-hand circularly polarized Gaussian beam. Projections of the electric field in
the vicinity of the sharp focus from a left-hand circularly polarized, circularly symmetric light field
(e.g. a Gaussian beam) in the Cartesian and cylindrical coordinates(

Ex

Ey

)
= A(θ )√

2

(
1

−i

)
,

(
Er

Eϕ

)
= A(θ )e−iϕ

√
2

(
1

−i

)
(12)

can be derived based on the Richards-Wolf formalism [7]:

Er (r, ϕ, z) = −i√
2

e−iϕ (I0,0 + I2,2) ,

Eϕ (r, ϕ, z) = 1√
2

e−iϕ (−I0,0 + I2,2) ,

Ez (r, ϕ, z) = −
√

2e−iϕ I1,1, (13)

where

Iν,μ =
(

π f
λ

)∫ θ0

0
sinν+1

(
θ

2

)
cos3−ν

(
θ

2

)
cos1/2(θ )A(θ )eikz cos θ Jμ(x )dθ, (14)

where λ is the wavelength, f is the focal length of an aplanatic system, x = kr sin θ , Jμ(x) is the
Bessel function of the first kind, and NA = sin θ0 is the numerical aperture. The input function
amplitude A(θ ) may be chosen in the form of a Bessel-Gaussian function

A(θ ) = J1

(
2γ sin θ

sin θ0

)
exp

(
−γ 2sin2θ

sin2θ0

)
(15)

where γ is the ratio of the aplanatic system pupil radius to that of the Gaussian beam waist.
Expressing the light field components based on Eq. (13), explicit expressions for the constituents
of the Poynting vector (energy flow), orbital energy and spin flows in the focal plane (z = 0) can be
derived in the cylindrical coordinates:

Po,ϕ = − 1
kr

(
I21,1 + I22,2

)
,

Ps,ϕ = 1
kr

(
I21,1 + I22,2

)− I1,1 (I0,0 + I2,2) ,

Pϕ = −I1,1 (I0,0 + I2,2) , Pϕ = Po,ϕ + Ps,ϕ, (16)

Po,z = 1
2

(
I0,0 Ĩ0,0 + I2,2 Ĩ2,2 + 2I1,1 Ĩ1,1

)
,

Ps,z = (
I20,0 − I22,2

)− 1
2

(
I0,0 Ĩ0,0 + I2,2 Ĩ2,2 + 2I1,1 Ĩ1,1

)
,

Pz = (
I20,0 − I22,2

)
, Pz = Po,z + Ps,z, (17)
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Fig. 1. (a) Distribution of the azimuthal component of the orbital energy flow, Po,ϕ in the focus and (b) its
profile along the X-axis.

where

Ĩν,μ =
(

π f
λ

)∫ θ0

0
sinν+1

(
θ

2

)
cos3−ν

(
θ

2

)
cos3/2(θ )A(θ )eikz cos θ Jμ(x )dθ. (18)

In this case, the radial components equal zero: Po,r = Ps,r = Pr = 0. For completeness sake, the
intensity distribution I in the focus for field (12) can be given:

I = I20,0 + I22,2 + 2I21,1. (19)

From Eq. (17) it is seen that in the focal plane there is a positive orbital energy flowPo,z , which is
“pushing” a microparticle placed on the optical axis in the positive direction, according to (4).

From (16), it can be seen that when strongly focusing the left-hand circularly polarized Gaussian
beam (12), an azimuthal energy flow occurs in the focal plane

Pϕ = −I1,1 (I0,0 + I2,2) < 0 (20)

The near-axis energy flow is negative, rotating clockwise in a similar way to the rotation of the
left-hand circularly polarization vector. This energy flow (20) is composed of the orbital energy
flow and spin flow (16). Hence, we can infer that when put in the focal plane of the beam, a
(non-absorbing) dielectric microparticle, with its center of mass found on the optical axis, will rotate
clockwise, according to (4). Presence of the azimuthal component in the orbital energy flow:

Po,ϕ = − 1
kr

(
I21,1 + I22,2

)
< 0 (21)

implies that the light field in the focus carries a non-zero orbital angular momentum (OAM). Hence,
a dielectric microparticle with complex refractive index and its center of mass found on the optical
axis in the focal plane will experience the action of two torques, setting it into a clockwise rotation,
namely, the on-axis projection of the SAM:

Sz = Im
2

(E∗ × E) = −1
2

(
I20,0 − I22,2

)
< 0. (22)

and the orbital energy flow in Eq. (21). In the meantime, SAM (22) is able to rotate only an
absorbing particle [23], having no impact on a spherical non-absorbing dielectric particle. According
to Eq. (22), SAM on the optical axis not zero and negative near the optical axis. This spin angular
momentum rotates a dielectric ellipsoidal microparticle around the optical axis and around its center
of mass. Our work confirms this both numerically ( Fig. 4) and experimentally (Fig. 5). Similarly, in
[38] rotation of a birefringent microparticle in an elliptically polarized light beam was demonstrated.
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Fig. 2. (a) Distribution of the azimuthal component of the spin flow, Ps,ϕ in the focus and (b) its profile
along the X-axis.

Fig. 3. (a) Distribution of the azimuthal component of the energy flow, Pϕ and (b) its profile along the
X-axis.

For rotation of a birefringent particle, spin-orbit interaction is not required, only the spin is sufficient
(see equation (3) in [38]).

Just as the Poynting vector is the sum of the spin and orbital energy flows, Eq. (1), the angular
momentum vector J is the sum of OAM, L and SAM, S [39]–[42]:

J = (r × P) = (r × Po) + (r × Ps ) = L + S (23)

In view of Eqs. (20), (22) and (23), the on-axis projection of the angular momentum and of OAM
in the focus for the field of Eq. (13) reads as

Jz = rPϕ = −r I1,1 (I0,0 + I2,2) < 0 (24)

Lz = Jz − Sz = −r I1,1 (I0,0 + I2,2) + 1
2

(
I20,0 − I22,2

)
.

On the optical axis, OAM Lz (24) and SAM Sz (22) are identical in magnitude (I20,0/2) but opposite
in sign, therefore, the angular momentum Jz (24) on the optical axis is zero, and the angular
momentum near the optical axis is negative. This is also confirmed by the simulation in Fig. 3.
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Fig. 4. (a) Radial profiles on the intensity |E |2 and azimuthal component of the orbital energy flow P0,ϕ in
the focus (NA = 0.65) of a left-hand circularly polarized Gaussian beam (29); (b) the on-axis projection
of the torque Mz versus the larger diameter D1 of an ellipsoid particle put in the focus of a converging
left-hand circularly polarized spherical wave of diameter 8 μm and (c) dependence of the torque Mz on
the position of the particle along the optical axis at D1 = 1.9λ.

Fig. 5. Rotation stages of a microparticle trapped in a strongly focused left-hand polarized Gaussian
beam. The marker lines indicate the orientation of the 2 × 1-μm particle. The marker size is 5 μm.

5. Reverse Energy Flow in the Strong Focus
In this section, we show that the reverse on-axis energy flow is observed in the focus of a light
field with the second-order cylindrical polarization reported in Ref. [29] when the on-axis spin flow
is negative and larger in magnitude than the positive on-axis orbital energy flow. Let now the initial
light field be the following [29] instead of that given in Eq. (12):(

Ex

Ey

)
= A(θ )

(− sin 2ϕ

cos 2ϕ

)
,

(
Hx

Hy

)
= A(θ )

(− cos 2ϕ

− sin 2ϕ

)
(25)
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Then, projections of the electric and magnetic field in the focal plane are given by

Hr (r, ϕ, z ) = −i cos ϕ (I0,2 + I2,0) ,

Hϕ (r, ϕ, z ) = −i sin ϕ (I0,2 − I2,0) ,

Hz (r, ϕ, z ) = 2 cos ϕI1,1. (26)

Equations (2) and (3) can be represented in a form with ‘electric-magnetic democracy’ [5], [14]:

Po = Im
2k

(E∗ � (∇E) + H∗ � (∇H)) ,

Ps = 1
4k

(∇ × (Im (E∗ × E) + Im (H∗ × H))) . (27)

For the light field (26) in the focal plane (z = 0), the on-axis projections of the Poynting vector,
the orbital energy and spin flows take the form:

Po,z = (
I0,2 Ĩ0,2 + I2,0 Ĩ2,0 + 2I1,1 Ĩ1,1

)
,

Ps,z = (
I20,2 − I22,0

)− (
I0,2 Ĩ0,2 + I2,0 Ĩ2,0 + 2I1,1 Ĩ1,1

)
,

Pz = (
I20,2 − I22,0

)
, Pz = Po,z + Ps,z . (28)

From (28) it is seen that on the optical axis (r = 0), Po,z (r = 0) = I2,0 Ĩ2,0 > 0, Ps,z (r = 0) =
−(I22,0 + I2,0 Ĩ2,0) < 0, |Ps,z | > Po,z, Pz (r = 0) = −I22,0 < 0. Therefore, the reverse energy flow (negative
on-axis projection of the Poynting vector) in the focus [28], [29] is generated because the on-axis
projection of the spin flow is negative and larger in magnitude than the positive on-axis projection
of the vector of the orbital energy flow. Because of this, contrary to the previously expressed guess,
a dielectric microparticle put in the region of the reverse flow will not move in the negative direction
[42].

6. Calculating the Orbital Energy and Spin Flows in the Focus
The FDTD-aided numerical simulation using the Fullwave software was conducted for the incident
left-hand circularly polarized Gaussian beam of wavelength λ = 633 nm, with its amplitude multi-
plied by the transmittance of a thin spherical lens of focal length f = λ. The transverse components
of the original electric field were in the form:

Ex = e− r2

w2 exp (i (−kf − ωt )) , Ey = e− r2

w2 exp
(

i
(
−kf − ωt + π

2

))
(29)

where w = 4 μm, ω is an angular frequency. The focal plane was observed at z = 600 nm
(somewhat closer than the calculated focal length of f = λ = 633 nm). The incident field passed
through an 8-μm aperture and the simulation was conducted with a λ/30 increment on all three
axes. Fig. 1 depicts (a) the distribution of the azimuthal component of the orbital energy flow, Po,ϕ

in the focal plane of field (29) and (b) its radial profile. In the focal plane, the energy is seen to
rotate clockwise and, therefore, be negative because the azimuthal angle increases anticlockwise.
Fig. 2 depicts (a) the distribution of the azimuthal component of the spin flow, Ps,ϕ in the focal plane
of field (29) and (b) its radial profile. In the focal plane, the spin vector is seen to rotate clockwise
– like the left-hand circularly polarization vector does. Calculations for Figs. 1 and 2 were made
using expressions (8) and (9), then results were converted into polar coordinate system taking into
account, that Pi,ϕ = −Pi,x sin ϕ + Pi,y cos ϕ, where i = o,s. When summed up, the azimuthal orbital
energy flow and spin flow produce the azimuthal component of the Poynting vector, as shown in
Fig. 3.
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7. Numerical Simulation of the Rotation of a Dielectric Microparticle in the
Strong Focus
In this section, we analyze a non-Rayleigh microparticle, which does not satisfy the dipole approx-
imation because it is comparable in size with the incident wavelength and essentially affects the
ambient field. Hence, to derive the force and torque exerted upon this particle by the light field
we need to rely on a vector theory of diffraction and calculate the Maxwell stress tensor of the
electromagnetic field [43], [44].

Let an arbitrary coherent light field falls onto an arbitrary micro particle with a permittivity of ε1 in
a medium with a permittivity of ε0 (we assume it is equal to 1). Then the torque M acting from light
on the micro particle relative to an arbitrary point A appear and will be equal [43], [44]:

M =
∮

S
[r × (σ · n)] dS (30)

where r – is the radius-vector from the point A(x, y, z) to a point of integration on the surface S,
n – is an external normal vector to the surface S, A is the point relative to which the torque M is
calculated, σ – Maxwell-Minkowski stress tensor, the components of which in CGS system can be
written as [45]:

σik = 1
4π

(
|E|2 + |H|2

2
δik − Ei Ek − Hi Hk

)
(31)

where Ei, Hi - electric and magnetic fields components, δik - Kronecker symbol (δi=k = 1, δi �=k = 0).
We note that there have been several different definitions of a stress tensor, including those pro-

posed by Abraham, Minkowski and others [46]. For the present purposes, we employ the Minkowski
definition (31), because in free space all definitions of the stress tensor [46] are equivalent. The
surface S where the torque M (30) is calculated is found in free space and chosen so that it envelops
the microparticle of interest. The difference between the Minkowski and Abraham stress sensors
is insignificant in linear and isotropic materials [46]. Another benefit is that Minkowski stress tensor
adequately describes Ashkin’s experiments [47], [48] and 2D optical trapping of a polystyrene bead
(Fig. 15 [46]).

Fig. 4(b) shows in which way the on-axis projection of the torque Mz, which results in the rotation
of an ellipsoidal particle with the ratio of diameters D2 = D1/2, depends on the larger diameter
D1. For the readers’ convenience, Fig. 4(a) depicts (a) the intensity profile |E |2 in the focus of a
left-hand circularly polarized Gaussian beam at NA = 0.65 and (b) the radial profile of the azimuthal
projection of the orbital energy flow vector P0,ϕ in the focus. The particle’s center of mass lies on the
optical axis. If it moves from the focal plane along it, the sign of the Mz remains the same (Fig. 4(c)),
but it can be seen, that the torque is bigger when the particle is closer to the lens. With the major
axis of the ellipse being perpendicular to the optical axis, the torque is calculated relative to the
center of mass.

The particle is assumed to be illuminated by a left-hand circularly polarized spherical wave (r =
6.06 μm):

Ex = exp
(

i
(
−kr + π

2
− ωt

))
, Ey = exp(i (−kr − ωt )) (32)

passing through a circular aperture of d = 8 μm with a focal length of f = 4.55 μm (NA = 0.65). The
incident wavelength is λ = 532 nm (power is 100 mW), a microparticle with refractive index n = 1.5
is found in the air (n0 = 1), the FDTD-aided numerical simulation is conducted using the Fullwave
software with a λ/50 increment on all three axes. Fig. 4 suggests that with every half-wavelength of
diameter increase, there occurs a maximum of the torque Mz, with its minimum being an order of
magnitude smaller. The torque and orbital angular momentum (21) have the same direction. Thus,
the particle of interest rotates clockwise about its center of mass, i.e., similar to the clockwise
rotation of the electric field vector of the incident beam.
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Following the work [38], we estimate the torque Mz needed for rotation of an ellipsoid particle
in water with the angular velocity � = 2π /6 (rad/sec), as in our experiment (Fig. 5). To do this,
we use the formula Mz = D� with D being the drag torque coefficient which can be estimated
for the ellipsoid between the values D for a sphere with a radius a (D = 8πμa3) and for a disk
with the same radius a (D = 32μa3/3). So, we suppose for the ellipsoid that D = 20μa3. At
the room temperature, viscosity of water is μ = 0.00091(Ns/m2). For our 2 × 1 μm particle we
suppose a = 1.8·10−6 (m). Thus, we get Mz = 20·0.00091(Ns/m) (1.8)3·10−18(m3) ·2π /6(rad/s) =
0.1·10−18(Nm), whereas, according to Fig. 4, torque for a similar particle in vacuum is an order of
magnitude higher: Mz = 1·10−18(Nm).

8. An Experiment on Rotating a Dielectric Microparticle in the Strong Focus
In the experiment, the original linearly polarized Gaussian beam generated by a solid-state laser
(λ = 532 nm, 100-mW power) was converted into a left-hand circularly polarized beam by passing
it through a quarter-wave plate before going to the input pupil of microlens (40×, NA = 0.65) and
being focused into a water cell containing polystyrene particles. As a result, the microparticles
were being pushed by radiation toward the upper surface of the water cell. The focal length of
the microlense was 4.5 mm and the diameter of the focal spot at half-maximum intensity was
approximately FWHM = 0.5λ/NA = 0.77λ = 0.41μm.The second microlens (40×, NA = 0.65)
imaged the plane of interest onto the video camera array. Results of the experiment on rotating
an ellipsoidal type particle approximately measuring 2 x 1 μm in a left-hand circularly polarized
Gaussian beam are shown in Fig. 5.

From Fig. 5, the microparticle in the focus of a left-hand circularly polarized beam is seen to rotate
clockwise in compliance with Eqs. (20) and (21) and results of the rigorous numerical simulation
(Fig. 4). Interestingly, while the size of the microparticles used in the experiment was initially chosen
at random, it turned out to be optimal as a local maximum occured at this size (see Fig. 4(b)).

For an absorbing microparticle, the rotation frequency would be several times higher than that
measured in the experiment (� ≈ 1 rad/sec). By way of illustration, the relationship derived in Ref.
[23] for a spherical Rayleigh particle gives a rotation frequency of ω = IMgM ′M ′′ (ηc(M ′2 + 2)

) = 5
rad/sec, where M’ = Re(n) = 1.6, M” = Im(n) = 0.002, I is the intensity of light (W/m2), Mg is the
refractive index of the medium (for water, Mg = 1.33), and с is the velocity of light in vacuum. This is
an overestimated value for the rotation frequency, because the relationship is valid for the Rayleigh
particles whose radius is much less than the incident wavelength. This is approximately the same
frequency at which strongly absorbing particles would have rotated when trapped in the beam. For
example, a 2-μm CuO particle has been described to rotate with a 4-Hz frequency along a circular
path in kerosene (η = 1,58 ·10−3 Ns/m2) when trapped in a 10-mW beam [49].

We give the following interpretation to rotation of a nonabsorbing dielectric ellipsoidal-type
microparticle (Fig. 5). When such a particle is located on the optical axis with its long axis lying
in the focal plane, it is rotated around the center of mass and around the optical axis by the orbital
energy flow Po,ϕ (21) or, in other words, by the longitudinal OAM component Lz (24), similarly to
rotation of particles along a circular trajectory in [11], [26]. Since the effective refractive indices of
an ellipsoidal-type particle differ for orthogonal polarizations directed along the long and short axes
of the quasi-ellipse (birefringence), it is also rotated around the center of mass by the longitudinal
SAM component Sz (22) or, in other words, by the azimuthal spin flow Ps,ϕ (16), similarly to rotation
of crystalline birefringent particles in [38].

9. Conclusion
Summing up, we have shown theoretically, numerically, and experimentally that the clockwise
rotation of a dielectric microparticle in the strong focus of a left-hand circularly polarized Gaus-
sian beam is caused by an azimuthal energy flow or on-axis component of the orbital angular
momentum generated in the strong focus due to spin-to-orbital conversion. Previously, a number
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of researchers discussed this topic, however a rigorous theory relying upon the Richards-Wolf
formalism has not been proposed. The on-axis projection of the torque (derived outside the dipole
approximation) exerted upon an arbitrary microparticle whose center of mass lies on the optical
axis, has been calculated via the rigorous calculation of diffraction using a Maxwell-Minkowski
stress tensor of the electromagnetic field. The direction of the on-axis torque exerted upon the
microparticle has been found to be negative relative to the beam propagation axis. This torque
should rotate a non-absorbing microparticle clockwise relative to its center of mass. An experiment
with an ellipsoidal type 2 × 1-μm polystyrene microparticle put in the focus of a left-hand circularly
polarized Gaussian beam (NA = 0.65, 532-nm wavelength, and 100-mW power) has shown the
particle also to rotate clockwise. In addition, we have deduced exact analytical relationships to
describe all projections of the orbital energy and spin flows in the focal plane of a strongly focused
left-hand circularly polarized Gaussian beam. Based on the deduced equations for the orbital and
spin flows in the focus of a light field with second-order cylindrical polarization, the reverse energy
flow has been shown to occur in the light field regions where the on-axis projection of the spin flow
is negative and larger in magnitude than the always positive on-axis projection of the orbital energy
flow.
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