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This paper presents a method for evaluating a physical
parameter of unknown deformable objects, by using
nonprehensile manipulation. By means of simulation
analysis, we show that the curve representing the rela-
tionship between the object’s angular velocity and the
plate’s frequency has a resonance-like response. Based
on the above phenomenon, we utilize a Lorentz curve
fitting to represent the object’s angular velocity as a
function of the plate’s frequency with a simple mathe-
matical expression, instead of deriving the equation of
motion of the system that is rather complex due to the
intricate dynamics of the system. Then, we show that
the first order natural angular frequency in bending
determines the frequency at which the object’s has its
maximal angular velocity. Using this information, we
present a method of how to estimate the object’s first
order natural frequency in bending. We show the sim-
ulation and experimental results to verify the validity
of the method presented.

Keywords: deformable object, dynamic skill, nonpre-
hensile manipulation, resonant behavior

1. Introduction

In general, robotic manipulation can be classified into
two main branches: grasping manipulation and nonpre-
hensile manipulation. The former makes use of fingers
to grasp or pick the object with dexterity and precision;
while the latter uses a plate or a probe and manipulates
the object without grasping it, compensating the dexter-
ity and precision of the former with high speed and sim-
ple movements [1–10]. We have already developed a dy-
namic nonprehensile manipulation scheme inspired by the
handling of the pizza peel and made clear how to con-
trol the position and orientation of a rigid object on a
plate [11]. This manipulation scheme has the advantage
that it can remotely manipulate objects by using a simple
flat plate with the assistance of vision, therefore allowing
the robot to operate the object in areas with high temper-
atures, high humidity, electromagnetic fields, etc, where
electrical hardware is unavailable or where humans can be
in danger. Applying this manipulation scheme to handle
a deformable object, it also has the advantage of reduc-

Fig. 1. The low angular velocity of the object ωB in (a) and
the object’s high natural angular frequency in bending ωn
(b).

ing the concentration of stress on the object, thus avoid-
ing the object’s destruction. Based on this consideration,
we have tried to control the posture of a deformable ob-
ject on a plate [12], as shown in Fig. 1(a). Through a
basic experiment and simulation analysis, we have found
that a deformable object changes its angular velocity with
an analogy to bipedal gaits [13]. We also found that the
object’s angular velocity can be represented with a sim-
ple mathematical expression [14]. Here, we would like to
point out an interesting observation. In this manipulation
scheme, the object’s high frequency in bending vibration
of 10 Hz order shown in Fig. 1(b) is converted to a low
frequency rotating motion of fB ≈ 1 Hz order, as illus-
trated in Fig. 1(a), due to the object’s bipedal gait-like
behavior.1 This suggests that the information of the nat-
ural bending frequency of fn ≈ 10 Hz order when using
comestible products such as cheese or ham, is included
in the frequency of rotation of the object, that is, the ob-
ject’s angular velocity. Therefore, we may be able to es-
timate fn by only observing the object’s low rotation fre-
quency, as an inverse problem. An important advantage is
that as we only have to deal with the object’s low rotation
frequency, a normal camera with 30 fps can be utilized.
Otherwise, to directly observe the object’s high bending
vibration frequency, a high-speed camera with hundreds
or thousands fps order is required to guarantee a high ac-
curacy in the measurements. This kind of nonprehensile

1. If the object is divided into two equal parts and each of them is regarded
as left leg and right leg, the rotational motion of the object is similar to a
biped gait on the floor. See details in [13].
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approach for sensing the parameters of an object may be
applicable to the evaluation of freshness and texture of
food, which alters the bending frequency of food. Addi-
tionally, as this manipulation scheme can prevent a large
concentration of stress, it is also expected to significantly
contribute to the cell/tissue processing technology in the
bioscience research. A change in tissue stiffness could be
an indicator of some diseases such as cancer. In our ap-
proach the bending frequency may be used as a stiffness
evaluation index.

Extending our previous work [14], this paper discusses
how to identify the natural bending frequency of de-
formable objects and shows the simulation and experi-
mental results validating the proposed method. We first
show that a thin deformable object can rotate on a vi-
brating plate with two degrees of freedom, as shown
in Fig. 1(a). Next, we show that a deformable object
achieves its maximal angular velocity by an appropri-
ate combination of the plate’s angular amplitude and fre-
quency, with respect to its physical parameters. Then,
we show that the curve describing the relationship be-
tween the plate’s angular frequency and the object’s an-
gular velocity has a resonance-like curve. Taking advan-
tage of this similarity, we employ a Lorentzian curve fit-
ting to represent the dynamic characteristics of the ob-
ject with a simple mathematical expression, instead of the
equation of motion that is rather complex and difficult to
obtain because of the intricate dynamics of the system.
Through simulation analysis, we reveal that the first or-
der natural angular frequency in bending of the object
ωn as shown in Fig. 1(b), strongly dominate one of the
Lorentzian curve characteristics. Based on such nature,
we propose an identification method to estimate the natu-
ral frequency in bending of unknown objects. Finally, we
show the simulation and experimental results of estimat-
ing the object’s frequency for confirming the validity of
the proposed method.

This paper is organized as follows: in Section 2, we
briefly review related works. In Section 3, we explain the
manipulation scheme and the simulation model. In Sec-
tion 4, we show the curve fitting employed to characterize
the transition of the object’s angular velocity. In Section 5,
we propose an identification method to estimate the natu-
ral bending frequency of an object. In Section 6, we show
the simulation and experimental results. In Section 7, we
give the conclusion of this work.

2. Related Works

There have been various works discussing nonprehen-
sile manipulation. Lynch and Mason have discussed con-
trollability, motion planning, and implementation of pla-
nar dynamic nonprehensile manipulation [1]. Amagai and
Takase have shown the experiments where an object is
manipulated on a plate attached at the tip of a six DOFs
manipulator based on visual information [2]. Reznik et al.
have developed the Universal Planar Manipulator (UPM)
based on a single horizontally-vibrating plate with three

Fig. 2. Dynamic nonprehensile manipulation for rotating a
deformable object using a plate with two degrees of freedom.
Simulation model in (a) and the contact model in (b).

DOFs [3], and Reznik and Canny have demonstrated that
multiple objects were simultaneously moved toward tar-
get directions [4]. Böhringer et al. have developed a
model for the mechanics of microactuators together with
a sensorless parallel manipulation theory [5] and have dis-
cussed algorithms for sensorless positioning and orienting
of planar parts using different vibration patterns [6]. They
also proposed microassembly of parts using ultrasonic vi-
bration and electrostatic forces to position and align parts
in parallel on a vibratory table [7]. Vose et al. have dis-
cussed sensorless control methods for point parts sliding
on a rigid plate [8]. They have shown that translation and
rotation of a rigid plate induces parts on the plate to move
toward or away from a nodal line aligned with the rotation
axis [9], and how to find frictional velocity fields gener-
ated by plate motions [10]. These works done on ma-
nipulation utilizing a plate have supposed that the object
is a particle(s) or a rigid body(ies). In contrast, preva-
lent works treating deformable objects generally make use
of grasp manipulation [15–18]. The authors have already
discussed how to manipulate a deformable object [12, 13].

3. Manipulation Outline

In this section we give a brief explanation of the ma-
nipulation scheme and the simulation model used in this
work, and then we show simulation and experimental re-
sults to validate the simulation model.

3.1. Manipulation Scheme
Figure 2 shows the manipulation of a deformable ob-

ject on a plate in simulation. The plate has two degrees
of freedom (DOF): the translational motion (DOF: X) and
the rotational motion (DOF: Θ), along and around the hor-
izontal axis, respectively. We give to the plate’s two DOFs
of motion sinusoidal trajectories:

Θ(t) = −Ap sin(2π fpt) . . . . . . . . (1)

X(t) = Bp sin(2π fpt) . . . . . . . . . (2)

where Ap, Bp, and fp denote the angular amplitude, the
linear amplitude, and the frequency of the plate motion,
respectively. Under this plate motion, the object rotates
with an angular velocity ωB to the counter-clockwise di-
rection when ApBp < 0, and to the clockwise direction
when ApBp > 0 [11].
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3.2. Simulation Model

For simulation analysis, we utilize the model, as shown
in Fig. 2(a), introduced in [13] to represent the dynamic
behavior of a deformable object. This model is composed
of virtual tile links, where each virtual tile has a node
with mass m located at its center. Adjacent nodes are con-
nected to each other by what we call a viscoelastic joint
unit, which is composed by three DOFs: bending, com-
pression/tension, and torsion. The bending and the com-
pression joints have viscoelastic elements and the torsion
joint is free. The simulation model in Fig. 2(a) is based
on a circular slice of cheese with a diameter of 80 mm,
with a mass of 13.6 g and negligible thickness, as shown
in Fig. 1(a). The object’s model is composed of 52 virtual
tile links of length 10 mm and 88 viscoelastic joint units,
to approximate the real object. In this model, the friction
coefficient between the plate and the object is assumed to
be uniform and follow Coulomb’s law, given by μs and
μk for static and dynamic coefficients, respectively. The
contact model between the plate and the i-th virtual link is
shown in Fig. 2(b), where the contact force is computed
with the penalty method [19]. The contact force f contact

i
applied to each node is given by

f contact
i = kcontacta2.2

i + ccontactȧi (ai ≥ 0) . (3)

where ai is the distance between the surface of the plate
and that of the virtual link, kcontact and ccontact are the elas-
ticity and viscosity, respectively. Based on [19], the non-
linearity of the elasticity in contact is considered. The
frictional force f friction

i applied to the node is given by,

f friction
i = μ∗ f contact

i . . . . . . . . . . . (4)

where the coefficient of friction μ∗ is defined by

μ∗ =

⎧⎪⎨
⎪⎩

0 for vslip
i = 0

μs for 0 < |vslip
i | < V

μk for V ≤ |vslip
i |

where vslip
i is the slip velocity of the i-th node with re-

spect to the plate and V is the friction transition velocity,
that determines the threshold between static and dynamic
frictions. The frictional force f friction

i is in the opposite
direction to the slip velocity of the node with respect to
the plate’s surface. For all the simulations V = 100 mm/s,
kcontact = 11.86 N/mm and ccontact = 7.65×10−3 are given
empirically.

Figure 3 shows the behavior of a deformable object of
ωn = 10π rad/s for Ap = 12 deg, Bp = 3 mm, fp = 12 Hz
and a friction angle α = 36.9 deg, this deformable object’s
bending parameters and friction angle were obtained from
a slice of cheese, as reported in [13]. Here ωn repre-
sents the first order natural angular frequency in bending,
as shown in Fig. 1(b), that is the frequency with which
the object bends up and down freely, without any exter-
nal forces nor restraints. This parameter depends on the
mass of the nodes and the elasticity of the joint units of
the model used for simulation. The friction angle between
the plate and the object is defined as α = tan−1(μs). Also,

Fig. 3. Snapshots of the simulation for fp = 12 Hz, Ap =
12◦, ωn = 10π rad/s and α = 36.9◦. The object is rotating on
the plate with an angular velocity of ωB = 344◦/s, by using
a bipedal-gaited motion.

Fig. 4. Simulation and experimental results. The object’s
behavior changes similar to sliding, walking and running
gaits [17].

we define μk = β μs, where β = 0.53 is empirically given.
Therefore, when α changes it means that μs and μk also
change. In Fig. 3, the object is rotating with an angular
velocity of ωB = 344◦/s.

Figure 4 shows the simulation and experimental results
of a slice of cheese for Ap = 12 deg and Bp = 3 mm. It can
be seen that in both experiment and simulation the maxi-
mal angular velocity of the object is achieved around the
same angular frequency of the plate motion. If the object
is divided into two parts by the line that passes through
its center, and each half is regarded as left leg and right
leg, the rotational motion of the object suggests a bipedal
gait-like behavior on the floor [13], as illustrated in Fig. 4.

4. Object’s Angular Velocity Characterization

In this section, based on simulation analysis we show
how the curve representing the relationship between the
object’s angular velocity ωB and the plate’s frequency fp
can be described by a peak function such as the Lorentz
one, and its similarity with the resonance phenomenon.

4.1. Object’s Angular Velocity Transition
Let us now focus on the transition of the object’s an-

gular velocity ωB, through simulation analysis. Fig. 5(a)
shows examples of the relationship among the object’s an-
gular velocity ωB, the plate’s motion frequency fp, and
the plate’s angular amplitude Ap for a deformable object
of circular shape, with ωn = 10π rad/s, a friction angle be-
tween the plate and the object of α = 36.9◦, and a trans-
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Fig. 5. Relationship between the object’s angular velocity
ωB and the plate’s motion frequency fp with respect to (a)
the plate’s angular amplitude Ap for ωn = 10π rad/s, and (b)
the object’s first order natural frequency in bending ωn for
Ap = 3◦. Both (a) and (b) with Bp = 3 mm and α = 36.9◦.

lational amplitude Bp = 3 mm. From Fig. 5(a) we can
obtain the optimum combination of fp and Ap that gen-
erates the maximal angular velocity of the object. In this
case, it can be seen that for Ap = 3◦ the object has its max-
imal angular velocity ωBmax around fp = 24 Hz, and that
for frequencies larger than this the object’s angular veloc-
ity decreases as the object becomes unstable. We consider
the object’s behavior as unstable when the object is over-
turned or its center slips more than 10 mm from the center.
The combination of fp and Ap will determined when the
object becomes unstable and these cases are not plot on
Fig. 5. For this reason, in the extreme case of Ap being too
large (24◦) the plotted lines do not have a peak as in the
other cases (Ap = 3◦, 6◦, and 12◦). On the other hand, a
plate amplitude of Ap = 1◦ needs much larger frequencies
of fp for a peak to appear. Fig. 5(b) shows the relation-
ship between fp and ωB for various deformable objects
with different ωn. From this figure, it can be seen that the
frequency at which ωBmax occurs, is uniquely determined
for each of these deformable objects. Based on this ob-
servation, we can expect that the object’s angular velocity
transition mainly depends on ωn.

In order to simplify the simulation analysis, in the fol-
lowing sections we suppose that all the deformable ob-

Fig. 6. Lorentz distribution for three different values of λ
and x0 = 0.

jects have the same negligible thickness, the same circu-
lar shape, and the same diameter of 80 mm. Also we only
use Ap = 3◦, 12◦, and Bp = 3 mm for the plate’s motion
amplitudes.

4.2. Resonance-Like Curve Fitting
The object’s behavior suggests a peak line shape which

is characteristic of a resonant behavior, i.e., the object’s
ωB reaches its maximal amplitude ωBmax only at the fre-
quency of resonance. Taking advantage of this similarity,
we employ a nonlinear regression analysis to represent the
transition of the angular velocity of the object by a simple
mathematical expression.

One of the most common functions describing a reso-
nant behavior in curve fitting is the Lorentz distribution
(also known as Cauchy distribution [20]) function:

g(x) =
1

πλ

(
1+
(

x− x0

λ

)2
) . . . . . (5)

where x0 is the median of the distribution, λ is the half
width at half maximal (HWHM) of the probability density
function g(x). These two parameters determine the shape
of g(x), and its maximal amplitude at x = x0 is given by

a =
1

πλ
, . . . . . . . . . . . . . . (6)

which depends on the value of λ . Fig. 6 shows the plot
of Eq. (5) for three different values of λ and x0 = 0. In
this figure it can be seen that as the value of λ increases
the value of the maximal amplitude of g(x) decreases, as
stated in Eq. (6). In order to have the maximal amplitude
independent of the width of the curve, we now introduce
a third parameter γ so that the maximal amplitude is given
by

ã =
γ

πλ
. . . . . . . . . . . . . . . (7)

Consequently, Eq. (5) is replaced by

g̃(x) =
ã

1+
(

x− x0

λ

)2 . . . . . . . . . (8)
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In Eq. (7), the parameter γ can change the maximal ampli-
tude, therefore we can have curves with the same maximal
amplitude but different widths, that cannot be obtained by
using Eq. (6). This third parameter γ allows the nonlin-
ear regression to get a better approximation of the data to
be fitted. Using Eq. (8) to express the transition of the
object’s angular velocity ωB as a function of the plate’s
frequency fp, we have

ωB( fp) =
ωBr max

1+
(

fp − f0

b

)2 . . . . . . . . (9)

where ωBr max is the maximal amplitude of ωB at fp =
f0, b is the HWHM and f0 is the frequency at which
ωBr = ωBr max. The data analysis software Sigmaplot (Sy-
stat Software, Inc.) is utilized for the nonlinear regression
analysis. This software uses the Marquardt-Levenberg al-
gorithm to find the parameters ωBr max, f0, and b, that to-
gether with Eq. (9), yields the best approximation to the
given data.

We carry out the nonlinear regression analysis of
Fig. 5(b) for ωn = 10π rad/s and ωn = 33π rad/s with
α = 36.9◦ by using Eq. (9), the resulting line shape is
shown in Figs. 7(a) and (b), respectively, where the dot
line represents the simulation data and the solid line rep-
resents the regression line. The parameters obtained from
this regression are ωBr max = 598.7◦/s, b = 5.1 Hz, and
f0 = 25.1 Hz, for ωn = 10π rad/s and ωBr max = 746.9◦/s,
b = 5.8 Hz, and f0 = 28.2 Hz, for ωn = 33π rad/s. Here
the parameter f0 can be regarded as a kind of frequency of
resonance at which ωBr max occurs, and it can be seen that
it is different for each object, as ωn is different. The coef-
ficient of determination is R2 = 0.99 for ωn = 10π rad/s
and R2 = 0.99 for ωn = 33π rad/s are obtained. Addition-
ally, the nonlinear regression analysis for ωn = 10π rad/s
and α = 56.3 deg, is shown in Fig. 7(c). The parame-
ters obtained from this regression are ωBr max = 520.9◦/s,
b = 5.8 Hz, f0 = 24.6 Hz, and R2 = 0.98. If we compare
the result in Fig. 7(c) with the one from Fig. 7(a), it can
be observed that their f0 are almost the same, while the
values of ωBr max and b are different. The results in Fig. 7
imply that two physical parameters ωn and α determine
the combinations of the regression parameters ωBr max, f0,
and b.

5. Inverse Problem: Object’s Physical
Parameter Identification

In this section, based on the curve fitting of the object’s
angular velocity ωB line shape, we propose an identifica-
tion method of the object’s natural bending frequency ωn
that is supposed to mainly dominate the object’s angular
velocity line shape as mentioned in Section 4.

Figure 8 shows the relationship between the object’s
angular velocity ωB and the plate’s motion frequency fp,
for different friction angles α and different deformable
objects, that is ωn is different, for plate amplitudes of

Fig. 7. Relationship between the object’s angular veloc-
ity ωB and the plate’s frequency fp , for (a) ωn = 10π rad/s,
α = 36.9◦, (b) ωn = 33π rad/s, α = 36.9◦, and (c) ωn =
10π rad/s, α = 56.3◦.

Ap = 3◦ in (a) and Ap = 12◦ in (b). Fig. 9 shows the
values of ωBr max resulting from the nonlinear regression
analysis of the simulation data of Fig. 8, where Ap = 3◦
and Ap = 12◦ are used in Figs. 9(a) and (b), respectively.
From this figure it can be seen that the value of ωBr max in-
creases as ωn increases. The thick straight line represents
the regression line between ωBr max and ωn that has a coef-
ficient of determination of R2 = 0.93 and 0.83, for Ap = 3◦
and 12◦, respectively. However, it can be observed that
for each ωn the value of ωBr max also changes depending
on the friction angle α , particularly for the biggest two
α in Fig. 9(a). And, it can be observed that for each ωn
the value of ωBr max changes significantly depending on
the friction angle α in particular for the two deformable
objects with higher ωn in Fig. 9(b). From this relation-
ship it is difficult to decompose the effects of ωn and α on
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Fig. 8. Relationship between the object’s angular velocity
ωB and the plate’s motion frequency fp, for different friction
angles α and different deformable objects for (a) Ap = 3◦
and (b) Ap = 12◦, with Bp = 3 mm.

Fig. 9. Relationship between the object’s first order natural
angular frequency in bending ωn and the parameter ωBr max
obtained from the nonlinear regression of fp vs. ωB, for (a)
Ap = 3◦ and (b) Ap = 12◦, with Bp = 3 mm.

Fig. 10. Relationship between the object’s first order nat-
ural angular frequency in bending ωn and the parameter f0
obtained from the nonlinear regression of fp vs. ωB, for (a)
Ap = 3◦ and (b) Ap = 12◦, with Bp = 3 mm.

ωBr max. This means that ωn cannot be estimated simply
by observing ωBr max.

We next focus on the parameter f0. Fig. 10(a) shows
the results of the parameter f0 with respect to ωn for
Ap = 3◦ and the same friction angles in Fig. 8(a). In the
same way, Fig. 10(b) shows the results of f0 with respect
to ωn for Ap = 12◦. In Fig. 10, it can be seen that the
value of f0 increases as ωn increases for each α , and that
the value of f0 does not change significantly for the same
ωn and different α . Here, the thick straight line represents
the regression line between f0 and ωn that has a coefficient
of determination of R2 = 0.99 for Ap = 3◦ in Fig. 10(a)
and R2 = 0.96 for Ap = 12◦ in Fig. 10(b), which are bet-
ter than those obtained in Figs. 9(a) and (b), respectively.
The lines for almost all the different α have a similar slope
with the regression line. This result suggests that the ob-
ject’s ωn can be estimated by a linear equation as a func-
tion of f0, regardless of the friction angle α , as follows,

ω̂n = p1 f0 +q1 . . . . . . . . . . . (10)

for each of the plate amplitudes Ap. Therefore, if we ob-
tain f0 from the curve fitting of the relationship between
the object’s angular velocity ωB and the plate’s frequency
fp, then we can estimate the value of the object’s natural
angular frequency in bending ωn.

The frequency f0 when Ap = 3◦ is in the range of 23 <
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f0 < 30 Hz, as shown in Fig. 10(a), while the frequency
f0 when Ap = 12◦ is in the range of 11 < f0 < 14 Hz,
as shown in Fig. 10(b). Therefore, Ap = 12◦ is conve-
nient from the experimental point of view of the actuators.
However, for a plate amplitude of Ap = 12◦ the object eas-
ily becomes unstable or folded in half. As a result, it can
only deal with objects whose ωn are less than 12π rad/s.

6. Validation of the Proposed Method

In this section we show the simulation and experimen-
tal results and the regression analysis of the real parame-
ters against the estimated ones to confirm the validity of
the proposed method.

6.1. Simulation Results
Using the data of Fig. 10, the parameters obtained from

the linear regression are p1 = 5.30, q1 = −121.62 for
Ap = 3◦, and p1 = 5.65, q1 = −64.51 for Ap = 12◦ in
Eq. (10). Using these parameters in Eq. (10), we estimate
the object’s natural bending frequency.

The results are shown in Fig. 11 for Ap = 3◦ in (a) and
Ap = 12◦ in (b). In this figure, ωn denotes the object’s
natural bending frequency given to the simulation model
and ω̂n denotes the estimated one using Eq. (10). The
solid line is the result of the linear regression of the real
data and the estimated one. In Fig. 11(a), it can be seen,
the estimated values are close to the real ones, the coeffi-
cient of determination is R2 = 0.99. The regression line
should ideally have a unit slope and an intercept of zero,
that is, the estimated value is identical to the real one. In
this case, it has a slope of 0.99 and an intercept of 0.25,
which are close enough to their ideal values. Similarly, in
Fig. 11(b) the coefficient of determination is R2 = 0.96 for
Ap = 12◦. In this case, the regression line has a slope of
0.96 and an intercept of 0.24, which are also close enough
to their ideal values.

6.2. Experimental Results
For validating the proposed method we carried out ex-

periments with a real slice of cheese, the skin of a Chi-
nese dumpling and a real slice of cheese with lead balls
used in order to increase its weight. The three objects
have the same circular shape with a radius of 40 mm,
and the masses of the cheese, skin of Chinese dumpling
and cheese with lead balls are 13.6 g, 6.9 g, and 39.5 g,
respectively. Fig. 12 shows the experimental results of
the relationship between the object’s angular velocity ωB
and the plate’s frequency fp, for the three deformable ob-
jects described above, when the plate motion is given by
Ap = 12◦ and Bp = 3 mm. The solid line represents the
regression line for Eq. (9). From Fig. 12 it can be seen
that the experimental values can be described by its cor-
responding regression line, since R2 = 0.98 for the slice
of cheese, R2 = 0.98 for the skin of a Chinese dumpling
and R2 = 0.99 for the slice of cheese with lead balls, were
obtained.

Fig. 11. Linear regression between the object’s real ωn (first
natural angular frequency in bending) and the estimated ω̂n
obtained by using Eq. (10). Simulation results for Ap = 3◦
in (a) and simulation and experimental results for Ap = 12◦
in (b).

The real ωn and the estimated ω̂n values of the exper-
imental data are overlapped on the simulation data, as
shown in Fig. 11(b). In the experimental results, as a real
value of ωn, we employ the cantilever based method used
in [13] utilizing a piece of cut food and a high speed vi-
sion system of 400 fps to measure this parameter. The
estimated parameter ω̂n is the one obtained from using
Eq. (10) in the same way as with the simulation data.

In this case, the slice of cheese and the skin of the Chi-
nese dumpling have similar natural bending frequencies.
However, the skin of the Chinese dumpling is lighter than
the slice of cheese, which suggests that the skin of the
Chinese dumpling has a bending stiffness smaller than the
one of the cheese. In contrast, the slice of cheese with
lead balls, has a smaller bending frequency than the one
for the slice of cheese only. This was expected as the lead
balls increased the weight of the cheese, thus altering its
mass-elasticity ratio.
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Fig. 12. Relationship between the object’s angular velocity
ωB and the plate’s frequency fp, for (a) a slice of cheese, (b)
the skin of a Chinese dumpling and (c) a slice of cheese with
lead balls, with Ap = 12◦ and Bp = 3 mm.

6.3. Discussion
As mentioned earlier in Section 1, a high frequency of

the object’s bending vibration is converted to a rotating
motion of low frequency. The object’s frequency of rota-
tion fB on the plate can be obtained from the object’s max-
imal angular velocity ωBr max in Fig. 9, for each of the four
deformable objects and each of the two plate amplitudes
Ap used in this paper. The results of fB are shown in Ta-
ble 1, where the object’s bending vibration frequency fn is

Table 1. Object’s first order natural frequency in bending
and its frequency of rotation.

Ap ωn fn ωBr max fB

[deg] [π rad/s] [Hz] [deg/s] [Hz]
3.50 1.75 491.5 1.36
10.0 5.00 614.9 1.71

3
23.0 11.5 722.8 2.01
33.0 16.5 796.1 2.21

1.40 0.70 278.1 0.77
3.50 1.75 275.8 0.77

12
6.50 3.25 334.2 0.93
10.0 5.00 382.4 1.06

also shown. It should be noted that especially for the de-
formable object of ωn = 33π rad/s, its bending vibration
frequency of fn = 16.5 Hz is converted into a rotational
motion with a frequency of fB = 2.21 Hz, for Ap = 3◦.
This represents only the 13.4% of the object’s bending
frequency fn. Thus, the object’s first order natural angu-
lar frequency in bending ωn can be measured through the
object’s dynamic behavior, observing its low frequency
rotation motion fB and Eq. (10), by using the manipula-
tion scheme presented in this work.

7. Conclusion

This paper discussed the characterization of a thin de-
formable object by using dynamic nonprehensile manip-
ulation. We showed that the line shape of the angular ve-
locity of the object with respect to the plate’s frequency
has a resonance-like behavior. Based on this nature, we
showed that the object’s angular velocity transition can be
represented with a simple mathematical expression like
the Lorentz distribution one, instead of a complex expres-
sion derived from the dynamics of the system. We found
out that the frequency of resonance at which the object’s
maximal angular velocity occurs, depends on the first or-
der natural angular frequency in bending of the object.
As an inverse problem, we proposed how to identify the
above physical parameter of the object from the regres-
sion parameters in the Lorentzian curve fitting. We ver-
ified the proposed method by using simulation data and
experimental data.

In the future, we would like to investigate the influence
of the object’s shape, thickness, and the friction between
the object and the plate, and analyze the role of the vis-
cosity and water components in the object’s resonance-
like behavior. Then, it may be possible to evaluate the
mass, elasticity, viscosity and friction of the deformable
object by characterizing its rotational behavior on a sim-
ple flat plate considering not only the object’s first order
frequency of vibration but also higher orders.
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